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Ounpenenenne 2. Muoxectso E HasbiBaercs usmepumvim (no JleGery), ec-
au Ve > 0 maitnérca oTkpeiToe MHOXKeCTBO (3, comepzxaree F u Takoe, 4TO
G\ E|* < e. Ilpu s1om |E| = |E|* nassiBaerca mepot] M3MepUMOTO MHOKe-
crBa E.

N3 onpenesnenus mepwr Jlebera u cpoiicrBa 4 BHeNIHeH Mepbl CJIELYeT, 9TO
Mepa MHOYKEeCTBA PaBHA HYJIIO TOTJA U TOJIHKO TOT/A, KOTJA BHEITHISI Mepa
MHOXKecTBa pasHa Hyino (|[E| =0« |E[* =0).
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lIA*]| < [IAll* 0. CniegoBareneHo, (I-A) Y. A*= 1, T0 ecTb (I-A) * = Y A",
k=0

(=)

npuyem
1

A < -
3

3ameuanme. Myctb A, BeL(X - X). Toraa onpeaenex onepatop
ABeL(X—X) no dpopmyne ABx = A(Bx), npudem ||AB|| < ||A]] |[B]|.
[encTBUTENLHO,
[IABX]| < [|AIl 11BXI| < [IAIl 11BII [IX]] Ans nioBoro xe X.

Teopema 3. MycTtb onepatop AeL(X —X), rae X — 6aHaxoBo
NPOCTPaHCTBO, UMEeT oBpaTHbIN onepaTop A ™' U CyLLecTByeT NMHENHbI

orpaHuyeHHbIn onepaTop A A Takow, 4to [|AA||< !

Torpa oneparop B =

N
A+ AA, TO eCTb BO3MyLLiEHWE onepaTopa A, UMeeT obpaTHbIi onepaTtop
a2
B, npuvem|[B - A || < LAAILA
L= AATI AT

Noka3satenbcTBO. MNpeacrasvm onepatop BB Buge A+ AA=A(l +
A" AA) v Tak kak no ycnosuio ||A ' AA|| < ||A]| [|AA]| < 1, To onepaTop |
+ A" AA nmeeT no Teopeme HerimaHa obpaTtHbI onepatop (I + A AA) .

MpounsseaeHve

(I+A"AA) 'A" saBnsieTca oBpaTHbIM ONepaTopoMm k oneparopy B n

B -AT =1+ AT AA) TAT AT < I+ AT AA) - IAY] <
) A = IA"AAf AT [ AA] A"

< A'AAM AT = < . Teopema pokasaHa.
;" At I=[|A"AA|| L[ AA[l[ A"l P A

Teopema 4 (Teopema BaHaxa 06 o6paTHOM onepartope). Ecnu
TIMHENHbIN OrpaHnYeHHbIN onepaTtop A oTobpaxaeTt 6aHaxoBo
npocTpaHcTBO X Ha GaHaxoBO MPOCTPAHCTBO Y B3aMHO OAHO3HAYHO, TO
CyLLecTByeT NIMHENHbIN OrpaHnYeHHbIN onepatop A ', 06paTHbIN K
oneparopy A, otobpaxatowmn Y Ha X.




image58.png
10.5. Oxipenemi'fs"' u cmexTp onmeparopa A : ly — I, ecom

Lo €T
A(:cl,:vz,x:;,...) = (wl,?,...,;",...).
Pemenme. Ananormuno 3anmadve 10.3, monmygaem ||A|| = 1; Toueunsni crexTp

comamaer ¢ MEoXecTBoM {1}, n € N, cOGCTBEHHEIE 3/IEMEHTHI, OTBEYAIINE 3HA-
YEHMIO L NMPONOPUHOHATLHBI BEKTOPY €y} TOYKA () NPHHAMIEXNT HENPEPHIBHOMY
cnextpy. Ilycts K = {%}UO. Ilpu A ¢ K onepatop Ri(y) = {Zy,--- 77':_—)\,. =
(y = {y1,---+Yn,-.. }) sBasercs orpannvennuM Tak xak |Ry(y)| < ||y||/p(A, K).

OKoOHYATEILHO, CIIEKTP COBMaaeT ¢ MHOXecTBOM K.
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1. Teopema Xana-Banaxa o mpojio/KeHnn JUHEITHOTO HEMPEPBIBHOTO
dbyukuonasa B JUHEHHOM HOPMUPOBAHHOM MPOCTPAHCTBE.

2. Pemurs unrerpasbuoe ypasuenne B C[—, 7

™

f(z) =cos’z + )\/Sin2(:c —t)f(t)dt.

—T
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Bblilwe Mbl onpeaenvnu nMHenHble yHKUMOoHanb! f(x) Kak NMHerHbIe

HernpepbIBHbIE ONepaTopbl B NIMHENHBIX HOPMUPOBAHHbLIX MPOCTPaHCTBax CoO
3Ha4YeHNAMN B R .

Teopema 1(Teopema XaHa-BaHaxa). Jlto6ov NnMHENHbIN yHKLMOHAN
f(x), ONpPeAenéHHbIN Ha MMHENHOM MHOroobpasum L c X NUHENHOro

HOPMUPOBAHHOrO MPOCTPAHCTBA X, MOXXHO MPOAOIKUATL Ha BCE NMPOCTPaHCTBO
X C CoOxXpaHEHMEeM HOPMbI, TO €CTb CyLECTBYET NMHENHBIN (OYHKLMOHAM F(x),

onpeaenéHHbIn Ha BCEM X 1 Takon, YTO F(x) = f(x) AN NIOOON TOYKM x e L,

1, = el

HokasatenbcTBO. yCTb x, ¢L U L, =(L,x,)- MHOXECTBO 3/1eMEHTOB
BMAA u=x+tx,, rAe xeL, at— noboe gencreutensHoe Ycno. MHOXeCTBO
L,- MHEHOE MHOrobpasmne n Kaxkabl ero 3eMeHT 04HO3HaYHO NPeACTaBnM
B Takom BuAe. MNyCTb u=x, +1,X, =X, +1,X,; €CMN t, =t,, TO x, =x,; €CN t, #t,,

To M 7Y

=x, U x, €L, YTO HEBO3MOXHO.

Lt
Beibepem ntobble ABa anemeHTa x, U x, u3 L. Cnpaseanueel
COOTHOLLIEHUA f(x,)—f(x,) = f(x, —x) < [ffllxs = x| < [l + xol| + I + xof), W13
KOTOPbIX BbITEKAET HEPABEHCTBO f(x,) —|f|x, +x,| < f(x) +|f[|x, +x,|, @ B cuny
MPOM3BOMBHOCTU 3IEMEHTOB x, U x, UMEET MECTO OL|eHKa
s\l(zlp{f(x) =[Elllx + X[} < ¢ < inf{Fx) + [l + x|} -

xel

MycTtb u — ntoBown anemeHT 13 L. BBeaém dyHKUMOHanN ¢()Ha L, No npasuny
@(u) = f(x)—tc. Ha L MeeT MecTo paBeHCTBO ¢ =/, Tak Kak ¢ =0. O4eBMaHo,
YTO @(u) -NINHEEH; MOKaKEM OrpaHNYEHHOCTb PyHKLMOHANa ¢(u) 1 PaBeHCTBO

el =1l -
Ecnu 1 >0, TO U3 NpUHaAnNEexXHoOCTN anemeHTa : MHOI'OO6pa3VI}O Ln

HepaBeHCTBa ANA NOCTOSIHHOW C cnpaseannebl COOTHOLLEHUSA
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=[tfllx + t=xo]| = |fllu]], ¥TOrom koTOpPLIX ABNAETCA

o =t -1 <

+ X4

HEepaBeHCTBO

<] . Mpn ¢ <0 Mmeem f(?)—cz el : +x,

=gyl ol = . 2

3HaYUT,
o) = t[f(?)—c] < I*%"f""u" =|fflu], To ecTb g <|f]llx|. 3ameHasa B aTUX

PacCyXAEHNSAX 3MeMEeHT U Ha (-u), Nony4nM - ¢(uw) <|ffll«|, 8 coBOKynHOCTH
leCw] <|f[llu]- Mt Aoka3anu HepaBeHCTBO |4 <||f]|, HO Tak Kak p(u) ecTb
MPOAOIDKEHNE f(x), TO €r0 HOPMa HE MOXET ObITb YMEHbLLIEHE;
cnefosatensHo, |4 L= e |-

3aKkoH4YMM oKa3aTenLCTBO TEOPeMbI B Criydae cenapabensHoro

NPOCTPaHCTBa X, TO eCTb TAKOro MPOCTPaHCTBA, B KOTOPOM CyLLIECTByEeT
CYETHOE BCHOAY NIIOTHOE MHOXECTBO 3IEMEHTOB x,, X,, ... X . [1yCTb aTU

3MeMeHTbI NIMHEeHO He3aBMCKMbI 1 He nonanu B L, . [Npoaomkas
yHKLMOHAN ¢(u) C MHOroobpasns L, Ha MHoroobpasus L, = (L,.x,),
L,=(L,.X,), ..., Mbl MOCTPOVM JIMHEWNHbIN PYHKLMOHAN , y(x) ONPeAen&HHbIN

Ha BCIOZly MTIOTHOM B X NIMHEIHOM MHOro06pasin 1 = YL, , MpUiém Il =1, -

n=l

[oonpefenum y(x)Ha BC& NPOCTPaHCTBO X MO HEMPepbIBHOCTU. Ecnm x¢ L.,

TO CyLLeCTBYEeT NOCNeaoBaTenbHOCTb {x,} 3MEMEHTOB U3 L U x, — x MPU
n -0, NPUYEM|y(x,) - v(x,)| < |v|lx., - x.[| - 0. CnegosaTensHo,
nocneaoBaTenbHOCTb {y/(x,)} UMEET nNpeaen F(x), O4HO3HAYHO
onpeaensoLas MyHKUMOHan F(x) Ha X. 3TOT YHKLMOHAN NMMHEeH B cuny
TIMHEMHOCTY w(x) M NIMHENHOCTU Oonepauny NpeaenbHoro nepexoaa.

OrpaHM‘-leHHOCTb F(x) BbITE€KAET U3 TOro, 4YTo CneacrenemM HepaBeHCTBa

A

KaK F(x)-NpoAosmKkeHne dyHKLMoHana f(x), To ero HopMa He MOXeT ObITb
ymeHbLueHa. Mbl fokasanm copmyny || =|f], , 3aBepLUMB TeM cambiM
A0Ka3aTerbCTBO TEOPeMbl.

<|vflx.| sBNseTca HepaseHCTBO [F()| < |vlx|. UTaK, |

lpcx, ) =l | -lel,  aax

[

CnepactBue 1. [ycTb X — NMHENHOE HOPMUPOBAHHOE MPOCTPaHCTBO,
x, € X, x, #0. Toraa B X CyLeCTByeT NIMHENHbIN PyHKLMOHAN Takow, 4YTo

=1, 76 =l
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[oka3aTenbCcTBO.
MycTb L ={tx,},t eR. Ha nMHenHoM mMHoroobpasuu L onpeaennm

YHKLMOHAN ¢(x) | €CIN x = fx,, TO (x) = 1]x,|. FACHO, YTO @rx,) =, ,
e = [tlxo] =[x, TO €CTB |(x)| =1. MpoaomKas dyHKLMOHAN ¢(x) Ha BCE
MPOCTPaHCTBO X C COXPaHEHWEM HOPMbI, MOSy4MM Tpebyemblin (yHKLMOHaT.

3ameuaHue. 37O cnefcTBMeE 40Ka3bIBAET CyLLECTBOBAHME B NIOOOM
JIMHEVHOM HOPMMPOBAHHOM MPOCTPaHCTBE X HETPUBUATBbHBIX MUHENHBLIX
(pyHKLMOHANOB, TO €CTb f(x)#0. C APYron CTOPOHbI M3 crieacTsma 1
BbITEKaET, YTO €CNn ANA HEKOTOPOrO 3MEeMEHTA x, € X BbINOMHEHO PaBEHCTBO

f(x,) =0An9 BCeX f(x) e X', TO x, =0.

CnepctBue 2. yctb X — NIMHENHOE HOPMUPOBAHHOE NMPOCTPAHCTBO,
X, X, € XX, #x,. Torga B X CyLECTBYET NIMHENHbIN (DYHKLMOHAN Takon, YTo

f(x,) #f(x,). CneagyeT NonoxmTb x, =x, —x, ¥ BOCMONb30BaTbLCS
yTBEPXAEHNEM CneacTauns 1.

O6cyaunm Bonpoc 06 obLyem Buae NUHENHOro yHKLpoHana B
pasnnyHbIX HOPMUPOBAHHbIX MPOCTPaHCTBAaX.

1) ECMt X =R " -KOHEYHOMEPHOE U ¢, ....c, - OPTOHOPMMPOBaHHbIN Basuc, To

x= Zc‘ .. Torpa ntoBon NMHENHbLIN yHKLMoHanN f(x) = Zét(u)—ZE_,

i=1

OHO3HA4YHO OnpeaenseTcs Ymcnamu f, =f(e,).i=1.n

2) Ecrm X =1,.p> 1-6eCK0HequmepHoe MPOCTPaHCTBO AMEMEHTOB x = (§,.&,....)

p !

<+0. [yCTb ¢,.¢,...-OPTOHOPMUPOBAHHBIA 6a3uc 1,

Toraa x =Z¢,c,, l‘(x)=Zé,1’(c,):Z§‘c,. BbISICHMM CBOWMCTBA Ymcen c,.i=1.2.... .
i=1 i=1

i=1

PaccMoTpuM NocreaoBaTenbHOCTb 3MeMEHTOB x, ={£\"}, rae

q-1

. ( <

g Jeseneoksn L1 cpnapennnBbl cooTHOLEHNS
0.k>n P q

q 1

|\f||<ZICk| )", OTKyA@ B CUny

n q
f) =2 el <[l IIfII(ZIk
q 1

MPOM3BOSBHOCTU YKCa N CriesyeT HEPaBeHCTBO (Z|ck‘ ) <] wnw |, <[] C
k=1

(- np

ZApYrovi CTOpPOHbI B CUIy HepaBeHcTBa [énbaepa
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. o L. 1
ool =250, < Qofe )" Rl =||°|L, IIXII,, v e <[l =[el, . T

€CcTb 1, =1,. 3aMeTVIM Tawke, 1 » -PedekcmaHo.

f(x) = j.x(l)(l(t)dl,x(t) € I,P(E),a(t) € I‘q(F‘) -0[jHO3HaYHO onpegensemas PyHKLMSA rno

-

cbyHKuMOHany £(x), MPUYEM ]| = )] =L,.L7 =L,

Lq(E) Q>

4) Ecnn x =Clo.1]. Cnpaseanvea Teopema Pucca, B KOTOPOW yTBEPXKAAETCS,
1

YTO NOOOW NUHENHBIN PYHKLMOHAN f(x)Ha C[0,]] UMEET BUA, f(x) = Ix(l)dh(l), roe
0

x(t) € C[0,1], h(t)- PUKCUPOBAHHAS PYHKLIMS C OrPaHUYEHHBIM U3MEHEHNEM:
1 n
el = vih(h} = sup "|h(t,) - h(t, )|, FA€ TOYHAsA BEPXHASA rpaHb GepéTca no
T

BCEBO3MOXHbIM Pa3bUeHUsIM  T={t,}.0=t, <t, <..<t, =1

HenocpencTeeHHbIM CrieacTerem Teopembl BaHaxa-LLUTerHrayseHa ans
(PyHKLMOHAMOB SBMAIOTCS €€ CrieayroLyve aHarorm.

Teopema 2. lNycTb {x,}-NocnenoBaTensHOCTb 3NeMeHToB 13 6aHaxosa
npocTpaHcTBa X Takasi, YTo NnocnefoBaTenbHoCTb {f(x,)} OrpaHnyeHa ans
noboro yHkUmMoHana f(x) e X . Toraa cyLecTByeT NoCToOsHHaa M >0 U

Takas, 4uTto |x,| <M, To eCTb NOCNeaoBaTeNbLHOCTb {x, } OrpaHnyeHa B X.

Teopema 3. [MycTb X — 6aHaxoBO NPOCTPAHCTBO, f, € X', YMCIOBas
nocneaoBaTenbHoOCTb {f, (x)} OrpaHuyeHa Ansa noboro anemeHTa x , Toraa
<M.
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1. O6uwmit By JuHeiiHOrO (BYHKIMOHATA B KOHKPETHBIX MPOCTPaH-
CTBaxX.

2. Bysier sin orHocuTe IbHO KoMIakTHBIM B ipoctpatcrse C[0, 1] muo-
wecrpo {sin?(z +n)}, cocrodiee u3 KOHTHHYAIBLHOTO THCIA TIOCTE[0BA-
TesbHocTei?
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CnepctBue 1. lyctb X — NMHENHOE HOPMUPOBAHHOE NMPOCTPAHCTBO,
x,€X, x, #0. Toraa B X CyLeCTBYET NNHENHbLIN (PYHKLMOHAN Takon, YTo

=1, fe) =l
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[Joka3aTtenbcTBO.
MycTb L ={tx,},t eR. Ha nMHenHoM MHoroobpasuu L onpeaennm

YHKLMOHAN ¢(x) | €CAN x = fx,, TO (x) = f]x,|. FACHO, YTO orx,) =, ,
(o] = [tlxo] =[x, TO €CTB |(x)| =1. MpoaomKasa dyHKLMOHAN ¢(x) Ha BCE
MPOCTPaHCTBO X C COXPaHEHWEM HOPMbI, MOSTy4MM Tpebyembln (yHKLOHaTT.

3ameuaHue. 37O cnefcTBME 40Ka3bIBAET CyLLECTBOBAHME B NIOOOM
JIMHEVHOM HOPMMPOBAHHOM MPOCTPaHCTBE X HETPUBUATBbHBIX MUHENHBLIX
(pyHKLMOHANOB, TO €CTb f(x)#0. C APYron CTOPOHbLI M3 crieacTsma 1

BbITEKAET, YTO €CNW A1 HEKOTOPOro 3MEMEHTA x, € X BbINOMHEHO PABEHCTBO
f(x,) =04n9 BCeX f(x) e X', TO x, =0.

CnepctBue 2. yctb X — NMIMHENHOE HOPMUPOBAHHOE NMPOCTPAHCTBO,
X, X, € X,X, #X,. Toraa B X CyLecTBYeT MMHENHbIA PYHKLWMOHAN Takow, YTO

f(x,) #f(x,). CneagyeT NonoxmTb x, =x, —x, ¥ BOCMONb30BaTbCSH
yTBEpXaeHuem crieacrtams 1.

O6cyanm Bonpoc 06 obLyem Buae NUMHENHOro yHKLMoHana B
pa3nnyHbIX HOPMUPOBAHHbIX MPOCTPaHCTBAX.

1) ECMt X =R " -KOHEYHOMEPHOE U ¢, ....c, - OPTOHOPMMPOBaHHbIN Basuc, To

x:iélcl. Toraa nobon NUHENHbIN MYHKUMOHanN f(x) :ig‘t‘(c,): i;kr‘,

i=l i=1 i=1

OHO3HAa4YHO onpeaenseTcs Ymcnamu f, =f(e,).i=1.n

2) Ecrm X =1,.p> 1-6eCK0HequmepHoe MPOCTPaHCTBO 3MEMEHTOB x = (§,.&,....)
p !

)" <+0. [yCTb ¢,.¢,....-OPTOHOPMUPOBAHHLIN Basuc 1,,

Toraa x= Zg, e, 1‘(x)=2¢,1‘(c,):2a‘c,. BbISICHMM CcBOMCTBA YmMcen c,.i=1.2.... .
i=l i
Paccmorpr nocnefoBaTeNbHOCTb ANEMEHTOB x, ={£"}, rae

q-1

) ( <

g Je seneoksn L1 cpnapennnBbl cooTHOLEHNS
0.k>n P q

g 1

|\f||<Z|Ck| )", OTKyA@ B Uy

(q- l)p

f(X..)—ZICxI <[l |, —IIfII(Zlk
q 1

NPOW3BOSBHOCTU YKCNa N CriesyeT HEPaBeHCTBO (Z|ck‘ ) <[] vawm |, <] C
k=1

LAPYrovi CTOpPOHbI B CUIy HepaBeHcTBa [énbaepa
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~ d
[TockombKy |A,| < 3 Vn, To uHTEpBaNbl A, MOKPHIBAIOIINE TOYKU

E,, ne comepxar To4eK ), a HHTepBaJjbl, HOKPLIBAIONHe TOUKH Fy, He
cojepxar Touek Fj. A 910 3HauuT, uro nokphitie $(F) pacuagaercs
Ha JBa Hemepecekaomuxcsa nokpoitus S1(Fy) u S3(Ey). Toraa

Y Al =0(3) = 0(51) + 0(s2) = |Er|" + | Baf".
n=1
C apyroit cTOPOHBI,
S IAL < B +e.
n=1

Cuaenosaressuo, |Ej|* 4+ |Es|* < |E|*. Ho mo BropoMy cBOHCTBY BHeII-
Heil MepBl BEPHO 1 HepaBeHCTBO |E1|* 4 |Es|* > |E|*. Urak, noxyuaewm,
aro |Ey[*+ |Es|* = |E|*. O

. Ve >0uVE 3G — orkpmiroe, G D E: |G]* < |E|*+¢
HokazaTesbcTBo. B kauecTse G MOXKHO B34Th 00'bejIMHEHHE BCEX HH-

TEpPBAJIOB, COCTABIAIOIMUX Takoe mokpwitue $(F) muoxectsa E, 4T0
o(s) <|E|*+e¢
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© L & L
QM QI =, I, . v ] <[d, - 3xasar, || =[d, . T0

[t = i‘a_,c,
1=l

ecTb I =1,. 3aMeTuM TaKxke, 1) =1, =1,-pechrIeKCMBHO.

3) Ecnn X =L (E).p > L[E| < + . MOXHO MOKasaTh, YTo
f(x) = j' X(Oer(Hdex() € L (B),a(t) € L, (E) -0AHO3HAYHO onpeaesnigemas (yHKLWs no

cbyHKuMOHany £(x), MPUYEM ]| = )] =L, Ly =L,

Lq(E)”
4) Ecnn x =Cl0.1]. Cnpaseanvea Teopema Pucca, B KOTOPOW yTBEPXAAETCS,
4TO NOOOW NUHENHBIN PYHKLMOHAN f(x)Ha C[0,]] UMEET BUA, f(x) = jx(l)dh(l), rae
(1) € C[0,1], h(t)- PMKCMPOBAHHASA PYHKLMSA C OrpaHNYEHHbIM I/I3MeﬂHeHVIeMI
e \‘U/{h(t)} = slll_pg]h(t‘)—h(l, 1), Fe ToYHasA BepxHas rpaHb GepéTca no

BCEBO3MOXHbIM Pa3bUeHUsM  T={t,}.0=t, <t, <..<t, =1
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1. Cnabas cxomumocTh, CBsI3b MeXKAY CHILHON 1 craboil cXOmmMo-
crblo. Kpurepuil cujibHOM CXO[UMOCTH.

4/3

1
2. Byger nn dyukius f(z) = 7% sin — unrerpupyema no Jlebery
x

na muoxkecrse (0,1)7
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CnepgctBue 1. lMyctb X — NMHENHOE HOPMUPOBAHHOE NMPOCTPAHCTBO,
x,€X, x, #0. Toraa B X CyLeCTBYET NNHENHbLIN (PYHKLMOHAN Takon, YTo

I1=1, 7o) =[wo].-
3ameuaHue. 37O cnefcTeMe 40Ka3bIBAET CyLLECTBOBaHME B NIOGOM
JIMHEAHOM HOPMWPOBAHHOM MPOCTPaHCTBE X HETPMBUANBbHBLIX MUHEAHBIX

dyHKLMOHANoB, To eCTb f(x)#0. C APYron CTOPOHbI M3 cneacTems 1
BbITEKaeT, YTO ECnW AN HEKOTOPOro anemMeHTa x, e X BbINONIHEHO PaBEHCTBO

f(x,) =04n9 BCeX f(x)e X', TO x, =0.
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Teopema 2. lNycTb {x,}-NocnenoBaTensHOCTb 3eMeHTOB 13 6aHaxosa
npocTpaHcTBa X Takasi, YTo NnocnefoBaTenbHOCTb {f(x,)} OrpaHnyeHa ans
noboro yHkUmMoHana f(x) e X . Toraa cyLecTByeT NOCTOAHHasA M >0 U
Takas, 4uTto |x,| <M, To eCTb NOCNeAoBaTENLHOCTb {x,} OrpaHnyeHa B X.

Teopema 3. [lycTb X — 6aHaxoBO NPOCTPAHCTBO, f, € X', YMCroBas
nocneaoBaTeNibHOCTb {f,(x)} OrpaHuyeHa Ans noboro anemeHTa X , Toraa
f£,]<M.

Onpepenenue 1. [ocneaoBaTenbHOCTb {x,} 3IEMEHTOB JIMHENHOIO
HOPMMPOBAHHOIO NPOCTPaHCTBa X Ha3blBaeTCsi CNabo CXOAALLENCS K
3MNEeMEHTY x, € X, €CNM ANs NoBOro NMHENHOro yHKLUMoHana
f(x) € X YMCNOBas NOCNeaoBaTeNbHOCTb {f, (x)} CXOAUTCS K f(x,).

B cuny 3ameudanms k cneacteumto 1 n3 Teopembl 1 cnabbin npeaen
e[MHCTBEHeEH. M3 TeopeMbl 2 BbITekaeT orpaHNYEeHHOCTb Crnabo cxoasLlencs
nocneaoBaTesisHOCTU.




image4.png
CunbHas cxoAMMOCTb BNeYéT 3a cobon cnabyto cxoaMMOCTb, Tak Kak
[fx,) - x| < [fllx, —x, . OBpaTHOE HeBepHO. PaccmoTpM 1,,p>1 1

MOCMe0BaTENbHOCTb {x,} AMEMEHTOB U3 1, x, =(0...0,10,..) , EANHULA CTOUT

3 q
Ha MecTe C HOMepoM N, f(x,) =C,. Tak kak psg 3 C,| cxoauTes, To C, -0 npu

n=1

n—>o0 W, 3HAYUT, {f(x,)} CXOAMUTCA K f(0)=0, UrM x, -0 crnabo. OaHako,

[%. —x,]° =2.m =n, 1 NOCNEAOBaTENLHOCTD {x,}HEe PyHAAMEHTasbHA.

Teopema 4. NocnefoBaTenbHOCTb {x,} IMHENHOrO HOPMUPOBAHHOIO

npocTpaHcTBa X CXOAUTCS CUMBHO TOrAa 1 TONbKO TOoraa, koraa
nocneaoBaTenibHOCTb {f(x,)} CXOAUTCA PaBHOMEPHO B €ANHWUYHOM LLape

[Ff<1fex.

[oka3satenbcTBO. HeobxoaumocTb. ECnm x, — x CUNbHO, TO 13
HepaBeHCTBa |f(x,) - f(x)| < [ffllx, - x| < |x, - x| cneayeT pasHomMepHas
CXOAMMOCTb {f(x,)} B Wape |f|<1.

JocraroyHocTb. MyCcTb NocnenoBaTenbHOCTb {f(x,)} CXOAUTCA
paBHOMEpPHO B Lape || <1, TO éCTb Ve >0 CyLUECTBYeT N = N(g(, YTO
f(x,)— ()| = [f(x, —x)| < ANs BCEX n>Nwu BCex f e X' |f| <1. OTclona cneayet

suplf(x, — x| <¢. Bocrnons3yemcs cneactamem 1 k Teopeme XaHa-Baraxa,
712

0003Ha4B x, = x, —x. Mbl IMEeM YHKLMOHAN £, (x), |f,] = 1.£,(x,) = x| vnm

f,(x, =x) =[x, = x|, NP14ém BbIGOP PYHKLMOHANA f,(x) 3aBUCUT OT Pa3HOCTU

x, —x. UTaK, |x, —x| =f,(x, —x) <sup|f(x, —x)|<e AN BCEX n=N, YTO 1 O3HaYaeT
Itl«

CUINBHYIO CXOAMMOCTb {x,} K 3IEMEHTY X.
Teopema gokasaHa.
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1. Onpenenenne rub0epTOBa MPOCTPAHCTBA W €0 OCHOBHBIE CBOM-
crBa. TeopeMa 00 3jieMeHTE ¢ HAUMEHbIIIEH HOPMOIL.

2. Jlokazarh, uto ecau Gyukuusa f(r) uMeer KoHEUHYIO POU3BOJI-
HYI0 BCIOJly Ha oTpeske [a,b], To dyuknua f'(x) nsmepuma na [a, b].
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Onpegenenune 1. MMnLGEPTOBLIM NPOCTPAHCTBOM H Ha3bIBAETC MHOXECTBO
3MIEMEHTOB X, Y, Z, ... CO CBONCTBaMM:

1) H — nuHerHOe NpOCTPaHCTBO Haj NONEM AEeNCTBUTENbHbIX (KOMMNMEKCHbIX)
uucen;
2) kaxgonm nape xyeH noctaBneHo B COOTBETCTBME [AENCTBUTENbHOE

(KoMnnekcHoe) 4ucno  (x,»), Ha3blBaeMO€  CKansipHbIM  NPOU3BEAEHUEM U
YAOBMNETBOPSAIOLLEE YCNOBUAM:

a) xy)=0¢.9,

6) (x+zy)=(xXy)+(zYy)

B) (Ax.y)=A(x,y)Ana nboro LeR (LeC),

N (xx =0, npuyem (x,x) =0 TOrga u TonbKO TOraa, koraga x =0,

<] =J(xx) - Hopma anemeHTa X B H;
3). H — nonHoe B MeTpuke p(x.y)=|x—y|, To ecTb siBnsieTcsi GaHaxoBbIM

NPOCTPaHCTBOM;
4). H — GeckoHeYHOMepHoe, TO €CTb Ans Moboro HaTypanbHOro uucna
NCYLUECTBYET N NIMHENHO HE3ABUCUMbIX ANIEMEHTOB.

KomnnekcHoe npocTpaHcTBo |, - runb6epToBO NPOCTPAHCTBO, €CRW CKanspHoe
npou3BeAeHne B HeM BBECTU N0 popmyne

(xy)=Y&n,,
i=l
rae x=(.&....).y =(M.1,....). CxoaumocTb pspa cneayet u3 HepaseHcTBa Kowum-

ByHsikoBckoro. AHanornyHo, npoctpaHctBo L,(E) - runb6eproBo npocTpaHcTBO CO
CKansapHbIM Npou3seaeHnemM

(xy)= [ xO)y (Bt
!

MoroBopuM O CBOWCTBAxX CKansapHoro npou3segenus. [lepsBble  ABa
Xy+z2)=(xy)+(xz) n (x Xy)=i(x y) NpOBEPATCA TpMBUanNbHO. HepaBeHcTBO Kowwm
| y)<|x[lv] mpu y=0 oueBupHo. MycTb y=0- nioGoi anemeHT u3 H, L - nio6oe
uncno u3 C:

0<(X+Ay Xx+Ay)=(XX) +i(x, )+ My.X) +|k|:(y.y);
nonaras 3gecb A=—(xXy)Ayy), nony4mm

et

vy

xx) -
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OTKyAa u crieayeT HepaseHcTBO Kowm. HepasencTso TpeyronbHuka |x+y|<|x|+|y|
[10Ka3bIBAETCSA HA OCHOBE HepaBeHcTBa Kowum:
Pl =Gy x+y)= 9+ + @0 +@ <+ 2]+ -
PaBeHCTBO napannenorpamma  |x +y\|2 +|x —y|2 = 2||xj|2 + 2||y||2 cneayet w3
CneayoLwmx COOTHOLUEHWUI: |
|-

s =l

2

® +2Re(x v)+|

e = 2R )+

M M

3ameyanue. [1poCTpaHCTBO C[O.%] He ABNAeTCA rmnbbepToBbIM:
[=vl=1.

sin(t +§)‘ = «/5 ,

X(t) = cost,y (t)=sint,|

X]

|[x +y]| = max|cost +sint| = max NG
(e[!l.g] (e[ﬂ,g]

Ix-v|= ma.}|cost —sint| = max V2lsin(t - %)

le[(!.;]

cneaosaTesnibHO, paBeHCTBO napannenorpamma He BbINOSTHEHO.

=1,

Teopema 1. 3amkHyTOE BbiNyknoe MHOXecTBO W B runbbepToBoM NpocTpaHcTBe
H coaepXuT 3NeMEHT C HaUMEeHbLUEH HOPMOM, U NPUYEM TOSNbKO OAUH.
DokasatensctBo. [ycTb d= er\€||\|| M nycTb {X,} - MUHUMM3MpYIOLLAS

nocne/0BaTenbHoCTb, T0 ecTb x, € W,[x,[|—>dnpn n—. Tak kak W — BbInykno, T0
1
F0x,) € W, nostomy |x, +x,]>2d. CornacHo paeHcTBy napannenorpamMma

2 2 2 2
0<fx, =xall =20, +xalD =, + X" >0
npu n,m —» oo, GO BbIYMTaEMAs BENUUMHA > 4d’, @ yMeHbLuaeMoe cTpemuTcs K 4d”. B
cuny Toro, 4to H — nonHoe, a W — 3aMkHYyTO, CyLlecTByeT x, =limx, X, € W, npuiem
s

||x[,||=}‘i13l||x,,||:d, TO €CTb X, - O9NeMEeHT C HauMeHblueil HOPMON. [lokawem

€AMHCTBEHHOCTb 3MIEMEHTA X,: NMYCTb X, - ele OAWH dneMeHT u3 W u Takoi, 4To
[x,]=d. Toraa

||x0 +X, B +||xu =X, ;= 2(‘|xn |2 +||xl 2) =4d*.

Tak kak
X, +X
0 1 EW,
2
TO

o +x| 1 .
asBsl Lo =a,mn o = ae
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BosBpaljasice Kk paBeHCTBy napanmnenorpaMma Ansd x, M X,, UMeeMm

=0, 70 eCTb X, = x,. Teopema Joka3saHa.
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13. [42] Jdoka3atb, aro ecam f(z) mveeT TpOM3BOIHYIO HA CETMEHTe [a, b], TO TPOM3BOI-
nas f'(z) u3mepmva.

Pewenue. Cuntast, ato f(x) npojoszKena BIpaBo ot ToUkH & = b andpepenuupy-
emblv 06pasoM (ranpuvep, f(a + ) = f(b) + a.f'(a)), nomoxmm

f<x+%>—f(z) .

Torga f'(z) sBIsIETCS MpeaesOM CXOASIIEHCS MOCTEAOBATEBHOCTH HENPEPBIBHBIX
u, creoBarenbno, m3mepumeix dynkuuii: f'(z) = lim ¢,(z), nosTomy aBisercs
n—oo

Pn(z) =

U3MEPHUMOii. g




image139.png
Teopema 7 (o-agauTUBHOCTHL Mephl). IlycTs u3mepumoe mHOKECTBO F
MpeICTABIMO B BHUJI€ KOHEUHOTO UM CIETHOTO O0HEIUHEHNUs TIOTIApHO He TIe-
PeCeKaoNuXCst U3MEPUMBIX MHOZKecTB. Toraa ero Mepa paBHA CyMMe Mep
9TUX MHOZKECTB.

Jloka3zaTeJbCcTBO.
a) CHauana paccMoTpuM caydail, korga sce F,, OrpaHuveHsl.

[To cnemcrBuio u3 Teopemsr 4 juig sob6oro € > 0 u JUid Ka)KJa0ro Homepa n
A €
HailI€TCs 3aMKHyTOE MHO)KeCTBO F,, C E, takoe, uro |E, \ F,| < o (Bce
durypupyrorge B I0Ka3aTeIbCTBE MHOXKECTBA U3MEPUMBI, TIO9TOMY BMECTO
BHeIHeH Mepbl OyzieM mucarh mpocto Mepy). Bee muoxkectsa F), orpanu-
YeHBl, 3AMKHYTHI U MOMAPHO HE MEePeceKarnTCs, MOITOMY B CHJIY CBOWCTBa 3

BHeIIIHe MepBI T4 JTI000r0 KOHEYHOTO 170 BBINIOJHACTCS paBeHCTBO

Ur| -
k=1

C apyroit cropousl, E, = (E'\ F,) U F,, nosromy |E,| < |E, \ F,| + |F,| <

€
|F,| + o [Toayaaem, aro

m
|
k=1

m m
k=1 k=1 k=1
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1. Teopema JleBn 06 oproroHabLHON TpoeKIuu. Pazioxenne ruib-
OepToBa MPOCTPAHCTBA Ha MPIAMYIO CYMMY TIOJITPOCTPAHCTBA U €I0 OPTO-
TOHAJIBHOT'O JIOTIOJIHEHUSI.

2. JTokazaThb, 4TO HENPEPBIBHBIE HAa OTPE3Ke [a, b 9KBUBAJIEHTHDI TO-
rjla U TOJIbKO TOTJ[a, KOTJ[a OHU PaBHbI.




image78.png
Onpepgenenue 2. [IBa anemeHTa x,y € HHa3sbIBalOTCA OPTOroHanbHbiMm (x Ly),

ecrm (x, y) = 0; roBopsiT, YTO aneMeHT xeH opToroHaneH MHoxectBy L cH, ecnu
x Ly ans mo6oro yeL.

Teopema 2 (teopema B. JleBu). MNyctb L — noanpocTpaHcTBo H. Kaxablii BekTop
x e H pgonyckaeTt eaMHCTBEHHOE npeacraBnedne x=y+z,yeLl,z L L, npuyem anemeHt
y OCYLUECTBNAET Hauny4ywee npubnimkeHne BekTopa X B NoAnNpocTpaHcTee L, To ectb
X —y|| = min|x —ulf.
[ =] = min}x -]

[oka3satenbcTBo. O603HaYMM MHOXECTBO W ={x —u;u e L}, KOTOpOe 3aMKHYTO

B cuny 3amkHytoctu L u, oyeBuaHo, Bbinyknoe. [Mo Teopeme 1 cywecTByer
©[IMHCTBEHHbI 3NeMeHT z€ W C MUHUMANbHON HOPMOW, z=Xx—-y,yeL, unm y=x-z.

Mokaxem, yto z L L. Myctb v=#0 - moboit Bektop u3 L, a A - Npou3BONbHOE
2 2
KoMmnnekcHoe uncno. Tak kak z—ive W, 1o [z—iv| 2|7, noatomy

I

-

F < (z—W,z—hv)= ||z||2 —Mv.z)— K(Z.V) +|)\r|

M
Monaras
_(z.v)
==

Iv

nony4yum
ey

I
a TaK kak v — noboi anemeHT u3 L, To z L L. [lokaxem Tenepb eAMHCTBEHHOCTb
pasnoxenus. Myctb y+z=y, +z, rae y,y,eL,z,z  LL, Torga y-y, =z —z, T0 €CTb
y-y, LL, apyrumn cnoeamu, y-—y, OpTOroHaneH camomy cebe. CnenoBaTenbHO
y=y, W z=z . Bropoe yreepxaeHne Teopembl crneayeT u3 onpeaeneHns W u
Teopembl 1.

>0,umm (z,v) =0,

Mpeaen nocneaoBaTenbHOCTH 3NEMEHTOB, OPTOrOHAMNbHbLIX NOANPOCTPAHCTBY L,
opToroHaneH L. [03aTomMy anemeHTbl, OpToroHanbHble k L, 06pasylotr noanpocTpaHcTBo,
KOTOPOE Ha3blBAETCA OPTOroHanbHbIM A0MONHEHMEM K L n oBosHadaetca L. Tak kak
noboit anemMeHT xeH paBeH x=y+zyeLl,zeL', TO roBopsT, 4to NpocTpaHcTeo H
pasnaraertcs B NpsAMyi0 Cymmy nognpoctpaHcTe L n L. 3anuceiBatoT aTOT hakT B Buae
H=L@L". 3OnemMeHT y Ha3blBaeTCA OPTOrOHanbHOW NpOeKuuen dnemeHtTa X Ha
noanpoCTpaHcTBoO L, a onepatop P, AeNCTBYIOLMIA NO 3aKOHY Y = PX, TO €CTb Kaxaomy
3NeMeHTy x € H cTaBAwmii B COOTBETCTBUE €0 NPOEKUMIO Y, HAa3blIBAaeTCA 0NepaTopom
OpPTOrOHanNbHOr0  NPOELUMPOBAaHUA UMM OPTOMPOEKTOPOM. HeTpyaHo npoBepuTb

crpaBeAnuBOCTb paseHcTea (L)' =L.




image1.png
PaccMOTpUM  NUHEWHbI  OrpPaHWYEHHbIi  onepaTop, AENCTBYIOLWMUA U3
runbbeproBa npocTtpaHcTBa H Ha KOMNMEKCHyl nnockocTb C. 3TOT onepartop Mbl
Takke Oyaem HasbiBaTb JNWHENRHbIM yHKUMoHanoMm. O6o3Hauum uyepes ker f =

{xeH: f(x) =0} - MHOXECTBO, Ha3blBaemoe siApoM (pyHkunoHana f(x). OueBnaHo, 4To
ker f — nognpocTtpaHcTeo H.
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11. [42] Joka3arh, uro nenpepbisapie dhynximun na [0, 1] SKBUBATEHTHB TOTIA 1 TOILKO
TOTJ1a, KOTJIa OHU DaBHBI.

Pewernue. OueBuano, aro ecin 1io6bie aBe GYHKImn (B TOM YHCIE U HENPEPLIBHBIE)
PaBHBI, TO OHH SKBUBAJEHTHBI, TAK KAK OHU PA3JTHYAIOTCS HA TYCTOM MHOMKECTBE, a
ono mmeer mepy ny.b. Iyers f(x), g(z) € C[0, 1] — SxBuBanenTHLIC, W TIYCTh CYTIe-
cTByeT TouKa Tg : (7o) # g(wo). Toraa B Cuty OKATBHOTO CBOfICTBA HEMPEPHIBHBIX
dyuKumil cymecTByeT n OKPEeCTHOCTL (MHTEPBAJ), HA KOTOPOM 3TH JBe (hyHKIHNI
paszimuaioresa. Ho toraa f(x) we Moxker GbITH 9KBUBANCHTHON ¢(%), TAK KaK UX 3Ha-
YCHUS PA3IUTHBI B 9TOH OKPECTHOCTH, KOTOPAST HMEET MOJOKHUTENbHYIO Mepy. [
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1. Teopema Pucca-®peiiie 06 0611eM TIpe/icTaBIeHUN JUHERHOTO (PYHK-
[HOHAJa B THJIBLOEPTOBOM MPOCTPAHCTBE.

2. JTokazaTh, uTo J1106ast MOHOTOHHAas Ha OTpeske [a, b] dynkius u3-
MepHuMa.
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Jlemma 1. KopasmepHocTb npocTpaHcTBa ker f, TO €CTb OpPTOroHanbHOro
[OMOSIHEHNA K A4py, Noboro nuHerHoro dyHkunoHana f(x) B H, He pasHoro
TOXIECTBEHHO HyMIo, paBHa 1: dim(ker )" =1.

DokasaTenbcTBO. yCTb xl,xze(kerf)l. [okaxem, 4To x; W X, - NIMHENHO
3asucumsbl. Monoxumm  x = fi(x,)x, —f(x,)x,. f(x,) #0.f(x,) #0, Toraa f(x) = 0, T0 ecTb
xekerf. C apyroit cTopoHbl, x e (kerf)", cnegosatensHo x L x. Monyyaem x = 0 u,
3HAYUT, X, U X, - NINHENHO 3aBUCUMbI.

Teopema 3 (Teopema Pucca - ®peuwe). [1io60oi nuHeliHbIn dyHkunoHan f(x) B
rMnb6epToBOM NpocTpaHcTBe H npeAcTaBumM B BUAE CKansapHOro npousseaeHus f(x) =
(X, y), rae anemMeHT y OAHO3HA4yHO onpegenserca no dyHkumonany f(x), npuyem

Ie1=11-

DokasaTenbcTBO. Ecnun f(x) =0, Toy = 0. Ecnu f(x) #0, To 0603Ha4YMm yepes e

— eAMHUWYHbIN BEKTOp, opToroHanbHbii aapy f(x). CornacHo nemme 1 u Teopeme 2
nobon anemeHT x € H npeacrasum B Buae x = Px + (x, e)e, rae P — opTonpoekTop Ha
saapo ker f. Orclopa

f(x) = f(Px) +(x e)fe) = (x. T (e)e) ,
Tak kak Pxekerf. Monaras y =f(e)e, nonyyaem f(x) = (X, y) Ans no6oro x e H.
[lokaxkem eJMHCTBEHHOCTb dnemMeHTa y. yCTb CyLecTByeT BEKTOP y; TaKOW, 4TO
f(x) =(xy)=(xy,) anamoboro xeH, unn (xy-y,)=0. Ana x=y -y, nony4mm
G=vey-yp=ly -y =0,
TO €CTb y =y, . [10 N0OBOAY HOPMbI 3aMETUM
IFeo]=lo< vi< sl = el <M.
HO
f)=Ivl = It =]

cneposatensHo || = |y|. Teopema aokasana.

Jlemma 2. Ans Toro, 4to6bl NHENHOE MHOroobpaswe M 6bino Bcloay NSOTHO B
H, Heobxoaumo n focTaToyHo, 4Tobbl B H He CyLiecTBoBano aneMeHTa, OTnMYHOro oT
Hynsi 1 OpTOroHanbHoro M.

Heo6xoaumocTsk. Mycts M =H. SicHo, 4To u3 ycnoeusi x LM cnegyet x LM,
HO M=H u x LH. ByactHoctu x L x, cnegoBatenbHo x = 0.

[ocTaToyHocTk. Mycte M He Bclogy nnoTHo B H, To ectb M #I. Moatomy
cywectsyeT x,¢M, x,eH. Tak kak M Takke NoANpOCTPaHCTBO, TO N0 Teopeme 2

X,=V+z,tAe yeMz LM, npuiem z#0 u z L M. 3T0 NPOTMBOPEUNT YCOBMUIO.




image117.png
2.36. IHokazarb, uTOo MI06as MOHOTOHHas Ha OTpe3ske |a,b| dyHKIRN

u3MepumMa.

Pewmenne. Ilycts dpyaxmus f(r) monoTOHHO HeyObIBaKmas HA oTpeske [a,l
Has mo6oro a € R maoxkectso E,. = {z: f(z) < ¢} ects nmabo oTpesok, mubo moim
MHTEPBAJ, MO0 MyCcTOe MHOKECTBO, CIENOBATENbHO F, — M3MepuMoe MHOXeCTE

mw chvawxirora f{,’l'\ MTM2AMAEAITYINT O
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1. OpronopmupoBaHHble cucreMmbl. OproroHajusalius o HIMunry.
HepaencrBo Beccesisi. Ilosinora u 3aMKHYTOCTH OPTOHOPMHUPOBAHHOIT
cucrembl. Cirabast CXOUMOCTb OPTOHOPMUPOBAHHON CUCTEMBI K HYJIIO.

2. JlokazaTh, 4TO ecjim MHOKecTBO F Ha npsmoit umeer mepy p > 0,
To myst oboro ¢ : 0 < g < p maiigerca Mmuoxectso B C E, takoe uro

n(Er) = q.
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Onpepenenue 3. Cuctema {c,} anemeHToB runbbeprosa npocrtpaHctea H

. Li=j

Ha3bIBAETCH OPTOHOPMUPOBAHHON, ECTM (¢,.¢,) =G, TAE G :{0‘, J
17 ]

Onpepenenue 4. BeckoHeYHasa cucTema 3NEMEHTOB NIMHENHOrO MPOCTPaHCTBA
Ha3bIBAeTCsA NMUHENHO He3aBUCMMON, ecnu nobas KOHeYHas NoACMCTeMa 3TOW CUCTEMbI
TNIMHENHO He3aBucumMa.

Jlemma 3. Jobyto cucrtemy {h,} IMHERHO HE3aBUCHUMbIX 3MEMEHTOB MOXHO
caenaTtb OPTOHOPMUPOBAHHON C NOMOLLLIO NpoLecca opToroHanusauun Lmnara.

JokasaTenbcTBO. [lonaraem

h,
[ =L

Il

nyctb g, =h, —c,e,, noabepem c,, Tak, 4tobbl g, Le,, TO €cTb c,, = (h,,¢,). Monyyaem

g,
e, =g,/ #0,
el le-I

160 B NPOTUBHOM cnyyae g, =0 W 3nemeHTbl h, u h, - NUHEAHO 3aBUCUMbI, YTO
HEBO3MOXHO. [yCTb ¢,.....¢,, ;| YK€ NOCTPOEHbI, BBOAUM 3NEMEHT

m-1
g, =h, - e
i=l
u nopbepem uucna c; Tak, 4tobbl g le.i=12,...m-1. Ina 3TOr0 Hago B3ATH
¢, =(h,.e); nonaraem

m

e, =20 g, %0

.|
1 Tak panee.

Ecnu COBOKYNHOCTb CTeneHer 1,t,t,... OPTOroHanuaupoBaTb B MPOCTPaHCTBE
L,,(a.b) c BECOM p(t), TO €CTb B NPOCTPAHCTBE CO CKANSAPHLIM NPOM3BEAEHNEM

b
(0. y ()= [pOxOY Odt,

Mbl MpUAeM K cucteme nonuHomoB. Mpu p(t)=l,a=-1,b=1 NONy4YuM NOSNIMHOMbI
INexxaHapa; npu p(t)=¢ ¢ a=—wb=w nony4ynuM nonMHoMbl Yebbiesa — SpmuTta, npu

p(t)=¢",a=0,b =00 nonyunm nonuHomsl Yebuiwesa — MNareppa.
Myctb L — noanpoCTpaHCTBO, MOPOXAEHHOE OPTOHOPMMPOBAHHOW CUCTEMOW

n
{e,} n xeL. Torga ana noboro & >0 CywecTByeT NUHenHas kombuHaums Zalc,
i=l

Takas, 4Tto

n u

X-> o,

1=l

<.

Ho

x—i“.c. :||x||2 —ia.(.\;cl)—ial(cl.x) +i‘
= = =

1=l
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S - I R,
=N -2 -2+ o
i=l i=l i=l
rae c =(xe) - KoapuumeHtbl Pypbe anemeHta x. [epenuwem nocnegHee
npeAcTaBneHve B BUAE

2

o
X—Y e
=1

OTKyAa CreayeT, YTo BbIpaXeHNe

S+ Y —cf
i=1 i=1

2

i=1
AOCTUraeT MMHMManbHOro 3HA4YEeHUA Npu o, =c,. B atom cnyyae

.
x-Y ce,
1=l
nTakkak &>0 - noboe, TO B UTOre NONyyaem

n »
X = lim Zc,c‘ = ZClc‘ ,
i=l i=l

n

2
= -2kl

i=1

0<

no®

npuyemM
Z|c,|2 = ||\||7 (paseHcTBO Mapcesans).
i=1
Myctb Tenepb Xx — nobon anemeHT u3 H. CornacHo Teopeme 2:
x=y+zyel,zLL.Toraa

y ic.c,.cl =(ye)=(xe) u i:|c‘|2 =|v[-
=l i=l

’ umeem Z ’ (HepaBeHcTBO Beccens).

i=1

B cuny paBeHcTBa \|\||' +|4 = [Ix| F < [Ix]

CI

Onpepenenune 5. OpToHOpMMpoBaHHas B H cuctema {c,} Ha3blBaeTCA NOMHON,
ecnu B H He CyLUeCTBYeT HMKAKOro dnemMeHTa KpoMe Hyns, OPTOrOHaNbHOTO KaXaomy
uneHy e, cuctemsbl {c,}. Cucrtema HasbiBaeTCs 3aMKHYTOW, €CrM NOANPOCTPAHCTBO L,
nopoXaEeHHOe 3TOW CUCTEMOW, coBnaaaet ¢ H.

Mo pokasaHHOMy Bbiwe psg Pypbe No 3aMKHYTOW CUCTEME, NOCTPOEHHbIN Ans
noboro anemeHTa x € H, CXOANUTCS K HEMY CUMbHO, TO €CTb N0 HOPME, U BbINOMHAETCA

paseHcTBo Mapcesans 3 lc[” =[]
i=l
Onpepenenune 6. 3amMkHyTas OpPTOHOPMUPOBaHHAA CUCTEMa Ha3sbiBaeTcs
OPTOHOPMUPOBaHHbLIM 6a3nucoM B runbOepToBOM NpocTpaHcTee H.
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Tak KaK cyMMa BceX MHOYKeCTB Fj collep:KuTcd B F, To mjst 1100010 HOMEpA
m

U F| < 1B
k=1
Ho Torma
> B < |E| +e.
k=1

[lepeiiiém B 3TOM HepaBeHCTBe K IIpejeny npu m — oo, € — 0. [Toanydaewm,
YTO

oo
> B < |E|.
k=1
o0
C apyroit cropousl, |J Er = F, nostoMy B CHIy CBOiiCTBa 2 BHENIHEH MepHI
k=1
oo
> Bl > |E|.
k=1
o0
U3 aByx mocseiHIX HEPABEHCTB caenyet, uto y . |Ex| = |E|, a 10 n Tpebo-

k=1
BaJIOCh JOKa3aTb.
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Jlerko nposepsieTcA CNpaBeAnMBOCTL Cheaylownx AByX yTBepxaenun. B
UnbGepTOBOM NPOCTpPaHCTBE H NONHOTa 1 3aMKHYTOCTb OPTOHOPMUPOBAHHOI CUCTEMbI
coBnaaarot. Jliobas opTOHOPMMPOBaHHasA cuctema {e,} B rMnb6epToBOM NPOCTPaHCTBE

cnabo Cx0AMTCA K HYINHO.
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it mveet mepy p > 0,

o F; C E, rTakoe 4910

2.5. IToka3aTb, 4TO ecyin _o E na
TO A Joboro ¢ 1 0 < ¢ < p HaupercH
wEy) =q-

Peruenne. BosbuveM ¢q: ¢ < ¢; < p. Haitnercs rakoit orpesox [—u,u/, u € N,
aro p{[—u,ul N E) > ¢1. Beemem ¢ymxumo f(z) = p(E N [—z,z]), z € [0,u].
®yukuns f(z) HenpepsiBHA u MOHOTOHHO Bospactaer, f(0) = 0, f(u) > ¢ > q.
CnenosarensHo, Haitmercs Touka xoy € [0,1]: f(zo) = ¢. Wckomoe
E, = EN|[—xy,z0], u(E;) = q.
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1. Teopema o cyiecTBOBaHUYM OPTOHOPMHUPOBAHHOIO Oa3uca B cela-
pabesnbHOM THILOEpPTOBOM IHpocTpancrBe. Teopema 00 m3omMopdusMe u
U30MeTPUHN Beex cenapabesibHbIX THJIb0EPTOBBIX MPOCTPAHCTB HAJl OJHUM
HOJIEM.

2. Ilycrp na orpeske [0, 1] 3agansl usmepumble muoxecrsa Ay u Ap,
rakue 410 (A1) + p(As) > 1. Jokaszars, uro pu(A; N As) > 0.
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Teopema 4. B mobom cenapabenbHoM aunb6epmosom npocmpaHcmee
cywecmesyem OPMOHOPMUPOBaHHbIL 6asuc, mo ecmb nonHas
OPIMOHOPMUpPOB8aHHas cucmema.

DokasaTtenbcTBo. Myctb G = { gligzi...} — CYETHOE U BCIOAY NMOTHOE B

Mnb6epToBOM NpocTpaHcTBe H MHOXECTBO G=H (g, #0). Monoxum ¢, -1

lial
1 0603Ha4yMm 4epes L, - NoANPOCTPaHCTBO, NOpoX/eHHoe ¢,. Buibepem g, -

NEPBbIA MO CYETY BNEMEHT, HE MPUHAANENKALLMI I,] M paccmoTpum h, - ero

|| T

NoANPOCTPaHCTBO, MOPOXAEHHOE ¢, W e,. MyCTb g, &L, - nepsblit N0 C4éTy 3a

npoekumio Ha Ly =HO L,. Takkak h, #0, 70 ¢, = a Jepes L, 0603Ha4MMm

h
g, 1 h, ero npoekuusi Ha L; =HO L,. Tak kaKk h,, 70 ¢, =m 1 Tak aanee.
3
Mony4num OpTOHOPMMPOBAHHYIO CUCTEMY {¢, } U B CUNY TOrO, 4TO NIOGON 3NEMEHT
g, €L, N0 NOCTPOEHMIO, TO 3amblkaHMe MNUHERHO 0Bonoukn cuctemsl {e,}

coBnagaert ¢ H, To ectb aTa cucrema obpasyet 6a3uc. Teopema AokasaHa.

Teopema 5. Jliloboe KomnnekcHoe (sewecmseHHoe) cenapabesnbHoe
2unbbepmoso  MPOCMPaHCMeo U30MOPGHHO U  U3OMEMPUYHO KOMITIIEKCHOMY
(sewecmeeHHOMy) npocmpaHcmey 1,, moO ecmb 8Ce  KOMIIEKCHbIe

(sewecmeeHHble) cenapaberibHble 2unbbepmosbl MpocmpaHcmea U30oMOpPgHbI
U U3oMempUYHbI Mex0y cobol.

HokasatenbctBo. [lycte H -  cenapabGenbHoe  runb6epToBo
NpOCTPaHCTBO M {¢,} — OPTOHOPMMPOBaHHbLI Basnc B HEM. Ecnu x — nioboit

anemeHT u3 H, 10 X=(c,.c,...), ¢, =(x.¢,) U TaK kaK Z|c| =[RIE =[x <o,
2 )

T0 Xel,. Myctb xyeH, a n B - uncna u3 nons. HAcHo, 4to ox+fPyeH,
oX+pyel,, [ox+py|, =[oX+p¥], . cnenosatenbHo oroGpaxenne H -1,

COXpaHsieT  NWHeRHyl onepauuio W paccrosHue. OB6paTHO,  nycTb
n

7Z=(£.5,...) €l,. PaccmoTtpum B H nocneposatenbHocTb 7, :Z;‘,e,. Tak kak
i=1

||zm—z"||2:i|.il|2—>() npu nm —oo, TO MOCNEAOBaTeNbHOCTb {z,} —

1=m+l

yHaameHTanbHas. B cuny nonHoTel H umeet mecto z, —>z e H, a umes B suay
(z.e,) =lim(z,.e) =&, nonyyaem ans nwoboro Zel, anemeHt ZeH, rae & -
pres

K03(hhULMeHTbI Dypbe. Takum 06pa3om oToGpaxeHue B3aMMHO OAHO3HAYHO, a
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13 pacCyXaeHuii BbiLLE CNeayeT, YTO OHO M3OMETPUYHO 1 n3oMopdHO. Teopema
fokasaHa.
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2.4. Iycte na orpeske [0, 1] saganb nsmepumbie MHOXecTBa A; 1 A,
takue 910 (A1) + p(As) > 1. HokasaTs, ato p(A; N Az) > 0.
Pemenne. IIpcacrasum muox)ecTsa Ay u Ay 8 Buace

Ay = (A1 \ A2) U (A1 N Ay), Az = (A2\ A1) U (42 N Ay).

Ipeanonoxum, aro p(A1NAs) = 0, roraa p(Ay) = p(A;1\ As), p(A2) = p(A2\ 4y).
Muoxectsa A|\ Ay n A2\ A| He nepecekatoTcs n conepxkaTcs BHEyTpu oTpeska [0, 1],
nostomy p(Ay)+p(As) = p(Ar\ As)+p(A2\ Ay) < 1, 94TO TIPOTUBOPEUNT YCIIOBUIO.
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1. Teopema Pucca-@uiepa. Teopema 0 cjiaboit KOMITAKTHOCTH CeTla-
pabesIbHOrO TUIILOEPTOBA MPOCTPAHCTBA.

2. KakoBa MOIIHOCTH MHOXKECTBA:
1) dbynknuii, venpepbiBHbIX Ha oTpeske [0, 1],
2) Beex JleficTBUTEIBHBIX 0JiHO3HAYHbIX dyHKINH Ha orpeske [0, 1].
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Teopema 6 (Teopema Pucca-®uwepa). [lpocmpaHcmea L,(E) u

B 20e

1, U30MOPGHBI U UOMEMPUYHBI,  NPUYEM _ﬂ /i (x)| dx = Z|c

i=l

¢, = [ /(e (oxdx =(/.e,).-
E

Teopema 7. B cenapabenbHOM eunbbepmosom npocmpaHcmee H
OepaHu4eHHas nocnedosamesibHoCMb  {x,} codepxum crnabo cxo0auwycs
nodnocnedosamesibHOCMb.

Doka3satenucTBo. MycTk |x,|<C u Tak kak H — cenapabenbHo, To B HEM
[x]<C no

CYLLECTBYET OPTOHOPMUPOBAHHbI 6a3nc {c,}. B cuny |( el)|s
Teopeme BonbuaHo-BenepLurpacca CyLiecTByeT NoAnoCneA0BarTensHoCTb {x, }

AnA KOTOpon (X, .e) cxoautcs. Tak Kak |(\‘ e,)

e

<|x|<C To cywectryer

n

noanocneaoBaTenbHOCTb {\ } ANnA KOTOpoW (X €,) CX0AMTCA u Tak fanee.

ny, *
Bo3bmém AvaroHanbHyo nocne,qoaaTeanocn {X.}, TO ecTb
nocneaoBaTenbHOCTb, rae AnemMeHT X paBeH n-my ynexy

n

noanocneaosaTensHoCcTM Ana GasucHoro onementa e,. [na Heé (X .c,)

n
n
CXOAUTCA MpU n—>o0 W TaKke cxoautca (X,.y), rae y/:Zrz,e, - nobas
i=l
NUHenHan KoMBUHaUMsS N3 3NeMeHTOB OPTOHOPMUPOBAHHOTO Basuca.
[lokaxem CxoAMMOCTb MOCneaoBaTenbHOCTW (X ,z) Ans noboro anemeHTta
ze H . Myctb £¢>0 - nioboe Hanepéa 3agaHHoe yucno. Toraa CyLecTByeT fMHelHas

n €
KOMBUHauua =§u¢,e, Takas, 4TO BbINOJIHAETCA HEepaBeHCTBO ||z-w||< TSR
Bbi6epem Homep N=N(c), Ana koTOporo npu Bcex n,m >N BbINONHAETCSH HEPaBEHCTBO
" €

(&0 -Xowl< 377 Toraa (%2 - R 2| SR, 5,2 -9 H(E, K] <
< (%, [+ %, Dl - v + 2( <X ‘2(‘:1 + 2(11 =g, TeM  CaMbM  CXOAMMOCTb

nocnegoBaTensHocTn (X,.z) AokasaHa ansa nwboro z e H .

n*

Mokaxem, 4To cyuwiectByeT cnabbii npeaen x, NOCNEAOBATENbHOCTM {X,}.
O603HaunM  f(z) = lim(X,,z) - NuUHeNHblii yHkunoHan Ha H. Mo Teopeme Pucca-
praey
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dpewe f(z)=(x,.z), T0 ecTb lim(X,.z) = (x,,z), a, 3Ha4uT, x, - cnabbin npeaen Ans

{X,}. Teopema nokasaHa.
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1.25. -a -b MHOXeCTBa:

1) ¢yHKumii, HenpepbIBHBIX Ha oTpeske [0, 1];

2) KyCOYHO-JIMHEMHBIX HENpephIBHLIX (GyHKumi Ha oTpeske [0, 1];

3) BO3pacTalOIMX HEeMpepbIBHLIX GyHKuMit Ha orpeske [0,1];

4) dynxumii, uMeromx He 6oJjiee YeM CUETHOE UYMCJIO TOYEK Pa3pbiBa
Ha orpeske [0,1];

5) BCexX AefCTBUTEILHBIX OMHO3HAYHBIX QyHKIMI Ha oTpeske [0,1];

6) dynkumit, orpaanueHHbIX Ha oTpeske [0, 1];

7) dyHKkumii, unTerpupyeMbix no Pumany na orpeske [0, 1].

Pewmenune. Ilepsoiii ciyuail : MHOKECTBO nmeeT b koutunyy™m. C on-
HOIT CTOPOHBI, MHOXKECTBO COICPXKHUT NOCTOAHHBIC ¢_VHK’-[MM‘ IO3TOMY €ero -b
He MeHblIe KOHTHHYyyMa. C Apyroit CTOPOHBI, HempepbiBHAS (yHKIMS OJHO3HATHO
3aaeTcd 3HAYCHMSAMH B PAalMOHAJIBHBIX TOYKax (KOTO[)HX CYeTHOe M.HO)I(eCTBO),
OYTOMY -b MHOKECTBA HENPEPLIBHBIX (DYHKIHMIT He GOJbIIe MHOXECTBA
BELIECTBEHHBIX MOCJICIOBATEILHOCTEIl, 3HaunT He Gosblre konTuHyyMa (M. 1.24
m.2)).

Bropoii cityuaii: MHOKECTBO HMeET MOMIHOCTH KOHTHHYYM. JlaHHOE MHOXKECTBO
COOEPKUT BCE NOCTOSHHLIC q)yHKuMM, NO3TOMY €ro MOLIHOCTH He MEeHbIEe KOHTH-
HyyMa, M sBJISeTCS IOIMHOXKECTBOM BCEX HENPEPLIBHBIX (DYHKIHII, OITOMY €ro

b He OosblIe KOHTHUHYYMA.

Tperuit ciyvail: MHOKECTBO HMeeT -b KOHTUHYYM, NOCKOJIBKY COmep-
JKUTCS B MHOKECTBE HEPePLIBHLIX (hyHKIuit u conepxut dynkunn suna f(z) = cz,
ceR.

YerBepThiil CiIyuail: MHOXKECTBO MMeeT MOMHOCTb KOHTHHYYM. C OTHOI CTOpO-
HBI, MHOXKECTBO COICPKHUT BCE HENpPePbIBHLIC (DYHKIMH, IIOITOMY €ro -b He
MeHbIIe KOHTHHYyMa. C Apyroil ¢TOpoHbI, (GYHKINMN 13 JAHHOTO MHOXKECTBA OIpe-
ACJIAI0TCSA CBOMMH 3HAYEHUAMH B CHETHOM YHNCJIe TOYEK (TO‘leK pa3peiBa 1 TOYUEK C
PALHOHATILHBIME KOOPIAMHATAMH), TIOYTOMY €10 b He GOJIbILe KOHTHHYYMA.

Tlareit ciaygaii: MHOXKECTBO mMeeT -b runepkonTuayyM. C ommoil cTo-
POHBI, MHOKECTBO COIEPAKUT XapaKTePHCTHIECKNe (GYHKIMH BCEX IOIMHOXKECTB OT-
peska [0, 1], MOITOMY €ro MOIIHOCTS He MeHbIe KOHTHHYYMa. C APYroil CTOPOHDL,
moGas GyHKIIS ONHOHAMHO 3amaeTcs conM rpadukom B R?, nostomy -b

14

MHOKECTBA BCEX BEIIECCTBEHHO3HATHBIX q)yHKLlHﬂ He NMPeBOCXOAUT MOILIHOCTH MHO-
JKeCcTBa BCEX MOIAMHOXKeCTB Rz. nDCﬂeﬂHﬂﬂ paBHA THIIEPKOHTHHYYMY, MOCKOJIBKY
muoxectso R? pasromommo ksanpaty [0,1] x [0,1].
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Onpe;(enenne 3. MuoxecrBo E Ha3bIBaeTCsl MHOXKECTBOM THIIA
Ga’. €CJIN OHO TIPEeJICTaBUMO B BUJIE TIepecevyeHnsd CHETHOro CuJjia OTKPbI-
TBIX MHOXkKeCTB. MHokecTBo F HasbIBaeTCsi MHOXKECTBOM THIIA Fo, ecjim
OHO peJICTaBUMO B BUJIE 06’1)8,[{1/1][(’,]11/19[ CHYETHOI'O Yncjla 3aMKHYTbHIX MHO-
7KeCTB.

Teopema 8. Ecau mnoocecmeo E usmepumo, mo cywecmeyiom
munooiceemeo Ey muna Gs u mnooceemeo Ey muna Fy u maxue, wmo

Ey, C E C Ey, npuuem |Ey| = |Es| = |E|.

Jloka3zaresbeTBo. B cuity uzmepumoctn Muoxkecrsa I st jioboro
HATYPAJILHOTO YHCIa N HaiilyTes oTKpbiToe Muoxkecrso Gy, £ C Gy, u
samkiyToe muoxectso F,, F, C E rakue, uro |E\F,| < 1/n, |G,\E| <
1/n. Honoxum By = M0, Gy, By = UX F,. Tak xak E\Ey C E\F,,
E\E C G,\E, o0 |E\Es| < 1/n, |E\\E| < 1/n js moboro narypaib-
noro n. Orkyna cieayer |E\Es| = 0, |[E)\E| = 0. Teopema jokaszana
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1. Compskennniit omeparop. TeopeMa 0 CONPSIKEHHOM ONEpPaTOPE.
Teopema o IpsiMoil cyMMe 3aMblKaHust 00pa3a JUHEHHOTO OTPAHUIEHHOTO
orepaTopa M sijipa COMPSKEHHOTO.

2. MoxeT i OTKPBITOE HEOIpAHUUEHHOE MHOXKECTBO HA TTPSIMO MMETh
KOHEUYHYI0 Mepy?!
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Beeném noHsTMe compsx&HHoro onepartopa A’. MyCTb A — NUHENHBIN
oneparop, AeWCTBYIOLUMIA U3 NIMHENHOr0 HOPMMPOBAHHOTO MNpocTpaHcTBa X B
NUHeiHOe HOPMMPOBAHHOE NPOCTPaHCTBO Y, unu y=Ax. Ecnn ¢(y) - nob6oii

NUHENHbI  YHKUMOHAN, onpeaenéHHbiii Ha Y, TO f =@(Ax)-- NUHENHbIN
cyHkumoHan, onpeaenerublit Ha X: |/ (x)|=p(A)| <|glllAd < |lZlll4llx| - Taxum
06pasom no6OMY NMHENHOMY (DyHKUMOHANY ¢e¥  CTABUTCA B COOTBETCTBUE
NUHENHBIA YHKUMOHAN f € X, TO eCTb NOCTPOEH OnepaTop, ONpeaenéHHbIN Ha

Y' co 3HaueHusamum B X . 3TOT onepatop 06o3HauMM A’ W Ha30BEM
conpsxk&HHbIM: f = A’ . Ecnn 3anucath 3HaueHne dyHkumoHana f(x) = (f.x), To
MOXHO Hanncatb (A’g,x) = (¢, Ax). JIerko npoBepsieTcs CBONCTBO CONPSHKEHHOIO
oneparopa: ecnm A U B — nuMHENHble OrpaHuM4YeHHble OonepaTopbl, TO
(tA+BB) =GA +PB’.

Teopema 1. llycmb A L(X —Y). Toeda cywecmeyem A e L(Y" - X"),
mo ecmb A" - nuHeliHbIii ozpaHuYeHHbIii onepamop, npuyém Al =[A"]

DokasatenbcTBo. W3 onpesenenust onepatopa A’ cneayeT Lenodka
cooTHowerut |4 ¢(x)| = |/ (x) =g < |4l < |l 4lld|.  oTkyma  cHavana

cneayeT HepaBeHCTBO ||A'</;| =|71=ll4

nycTb x,- NGO anemeHT npoctpaHcTea X. o nepsomy cneacTsuio u3
Teopembl Xana-Banaxa CYLLECTBYET JIMHENHbIN (PYHKUMOHAN ¢ € ¥" Takow, 4To
||q>(,|| =1n@,(Ax,) = H/\XO" .Torpa

b=t = o <Lalld = albol < ol =] )
NPOM3BOSILHOCTM 9MIEMEHTA X, MONy4aeM OLEHKY ||1||g|

|, a satem ouenka ||1Hs||,l|\ Danee,

A

x,|. Otciona B cuny
4"

|, a, 3atem, u

pasenctso |A|=|A’|. Teopema aokasana.

Onepatop A’ CONPsKEH K JIMHENHOMY HEMPEpPbLIBHOMY Onepatopy A,
AeicTByloLwemMy B runb6epToBoM npoctpaHcTee H, ecnu ans niobbix 3NeMeHTOoB

x.y € I BbINOMHSIETCA PaBEHCTBO (Ax,y) =(x,A’y).

b
B npoctpaHctee L,(a.b) paccmotpum oneparop Ax(f) = jk(m)x(.s-)ds, rae

k(t.,s)e L,(IT), rae 1I=(a,b)x(a,b). MPOU3BOMbHLIA NMHENHbIN YHKUNOHAN
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b
¢(x), Aenctsyloumn B L,(a,b), umeer Bug ¢(x):(x,h):jx(t)h(t)t, roe

h(t) € L,(a,b) - O[IHO3HA4yHO onpeaenserca no . Moatomy

b b b b
$(Ax) = Ilz(t)('fl((f’s)x(s)ds)df:Ix(s)g(s)ds, roe  g(s)= jk(r,s)h(t)dt, To ectb
g=A'h. [llepexog K COMPsHKEHHOMY OMEpaTopy O3Ha4yaeT Mepexos K
TPaHCNOHWPOBaAHHOMY AA4pY, Apyrumu crnosamu y k(t,s) nepecrasnaAlTCcA

apryMeHTbI.

Myctb Ael(H —>H). Ob6osHauum ImA={yeH:y=Ax} - obpa3
oneparopa A, Kerd={xeH : Ax =0} - aapo onepatopa A. Ecnu A — orpaHuyeH,
T0 KerA - noanpocTpaHCTBO.

Teopema 2. Ecnu AeL(H —H) , H- aunbbepmoso npocmpaHcmeo,
mo H=ImA®Kerd".

lokasatenbcTBO. Tak kak ImA - NOANPOCTPAHCTBO, TO
H=ImA®(ImA)". Mo Teopeme 1 CyLIECTBYET NUHEIHbIA OrPAHUYEHHBIN
onepatop A’. MokaeM, uto Kerd' =(ImA)". Ecnn xeKerd , To A’x=0 n ans
no6oro yeH CNpaBeAnvBO PaBEHCTBO (y,A'x)=(Ay.x)=0, TO ecTb x L Ay,

npu x LImA. Otciona cneayet, 4to x L ImA, a notomy xe(ImA)". OBpartHo
xe(ImA)", cnegosarenbHo, x LImA. unn gaxe x L ImA. 3Ha4nT (Ay,x)=0
ans Beex x Uy u3 H. Ho (Ay.x)=(y.A'x)=0, unu nonaras y = A'x, nony4nm
||A\|| =0, A'x=0, To ectb xe Kerd" Teopema gokasaHa.

Myctb  A-- onepatop, AEUCTBYIOLUMW U3 KOHEYHOMEPHOro

NpoCTPaHCTBA R” B KOHEYHOMEPHOE MPOCTPAHCTBOR” W Onpefensiemblil
matpuueit "a"". OToBpaxeHne y=AX MOXHO ONMCaTb B BUAE CUCTEMbI PABEHCTB

W= Za,,xl.i =12...m,
j=1
a (pyHkumonan f(x) B Buae
S = /x,.
j=1

W3 paBeHcTBa

m n

J0=gn =Y ey =3 a5, =35 eq,
j=1 =1

i=1 j=1 =1
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m

Monyuum f, = Xayg, .Takkak f =A'g, oTCiona Creayer, YTo CONPSHKEHHbIN
i=l

oreparop 3aaaeTcsi MaTpuLen, TPAHCTIOHMPOBAHHOM MO OTHOLLEHUIO K MaTpULe
A.

MocneaosatensHocTn {x,} u {z,} HasbiBalTCA GUOPTOrOHANbHLIMM, €CN

0,n#m.
nocnenoBaTenbHOCTU coBnaaaroT.

Ln=m,
(z,.x,) :{ ' B camoconpspkeHHOM cnyqae 06e 61opTOroHanbHbIe

MycTs nocnegosarensHocTyn {x,} u {z,} GMOPTOroHanbHbI U SNEMeHT

n

y € HnpeacTtasneH B Buae y =Zc x

e
n=1

Nmeem:

= =
(20 0) =20 26,5, = D 6,2, %,) = ¢,

n=l n=l

Takum obpaszom

3T0T psia HasbiBaeTcs psagom dypbe No COOTBETCTBYIOLLMM BUOPTOroHanbHbIM
nocneaoBaTenbHOCTAM.

Onepauus runbbeprtoBa conpsixeHusi obnagaeT CBOMNCTBaMM:
1) ) =4,

2) (Ad+uB) =24" +uB’,

3) (UB) =B'A’",

4) ANy =),

2

5) |44

4|
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2.20. MoxeT Jim OTKPBITOE HEOrPAHMYEHHOE MHOXECTBO Ha MPSMOI
MMeTh KOHEUHYIO Mepy?

Pemenne. [a, moxer. Hampuvep 8 RY muoxectso M = U2 M, re M, =
(0,1) x +++ % (0,1) x(n,n+ 7—‘15—) nckomoce. MuoxecTBo M OTKPBITO, TaK KaK KAKIOC
—_—

N-1
w3 MuOkecTs M, oTKpHITO, (M) = 3

n=

1 ;17 < 00, M HeorpaHmveHo.
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1. Briosine nenpepbIBHBIN 1 KOMIIAKTHDI oniepaTopbl. CBoitcTBa BoIHE
HelPePBbIBHOIO OllepaTopa.

2. Jloka3aTh, 9TO MHOXKECTBO TOUYEK Pa3phbiBa MOHOTOHHON (hYHKIINN
He Oojiee, YeM CUETHO.
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MycTb X-- HEKOTOpOe MHOXeCTBO. Tononoruen B X Ha3biBaeTca nobas cucrema
T ero nOAMHOXECTB, YA0BNETBOPAIOLLAS YCNOBUAM:

1) MHOXeCTBO X M NYCTOE MHOXECTBO NpuHaanexar T,

2) O6beaunHeHne nboro (KOHEYHOro UM GECKOHEYHOro) Yucna MHoXecTB u3 T
npuHagnexar T,

3) MepeceyeHne nOBGOro KOHEYHOrO 4Yncna MHoXecTB u3 T npuHaanexar T.

MHOXecTBO X C 3ajgaHHOW Ha Hem Tomonormew T, TOo ectb napa (X,T),
Ha3blBAeTCs TOMONOrMYECKUM NPOCTPAHCTBOM.

MHoxecTBa, npuHaanexawme cucreme T, Ha3bIBAOTCA  OTKPbLITbIMM.
MHox(echa, AOMOMHUTENbHbLIE K OTKPbITbIM, HA3blBAOTCA 3aMKHYTbIMU. Takum
obpaszom:

1) MHOXecCTBO X 1 MYCTOE MHOXXECTBO OTKPbITbI U 3aMKHYTbI OHOBPEMEHHO,

2) MNepeceyenne no6Oro (KOHEYHOro MNM GECKOHEYHOro) Yucna 3amKHYTbIX
MHOXECTB SIBNAETCA 3aMKHYTbIM MHOXECTBOM,

3) ObveauHeHne noOOr0 KOHEYHOr0 YMcna 3amKHYTbIX MHOXECTB SIBMsieTCA
3aMKHYTbIM MHOXXECTBOM.

OKpEeCTHOCTbIO TOYKM X TOMOJSIOTMYECKOro NpocTpaHcTBa X HasbiBaeTcs noboe
OTKPbITOE MHOXECTBO, coAepaliee X. Takum obpa3om, MHOXECTBO ByAeT OTKPbITbIM
TOrAa W TOMbKO TOrAa, KOraa BMECTe C MioBON TOYKOW OHO COAEPXUT HEKOTOPYIO ee
OKPECTHOCTb.

Mpon3BONbHOE TOMOMOTMYECKOe NPOCTPAHCTBO MPEACTaBnsieT coboi CNMLIKOM
obwmin  ob6beKkT C TOYkM 3peHua aHanu3a. [loatomy yaobHO K akcuomam
TOMONOMMYECKOro NPOCTPAHCTBA MPUCOEANHUTL [ONOSHUTENbHbIE YCNOBUS. BaXkHbii
TUN TaK Ha3blBaeMblIX AOMOMHUTENbHbIX YCMOBMIA COCTaBMAIOT Tak Ha3sblBaeMble
AaKCUOMbI OTAENTUMOCTW.

MNEPBAA AKCUOMA OTAEJIMMOCTW. na nobbix ABYX pa3nMyHbIX TOYEK X U
y TONONOIMYECKOro NMPOCTPAHCTBA CYLLECTBYIOT OKPECTHOCTb TOUKM X, HEe cofepikaluas
Yy, 1 OKPECTHOCTb TOYKM Y, HE COAepKaLLas X.

BTOPAA UNN XAYCOOP®OBA AKCUMOMA OTAESIMMOCTW. NMobbie ase
Pa3nUYHbIE TOYKN MMEIOT HENEPECEKAIOLLMECS OKPECTHOCTU.
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Tononoruyeckne NPOCTPAHCTBA, AN KOTOPbIX BbIMOMIHEHA BTOpas akcuoma
OTENUMOCTH, Ha3bIBAIOTCS XayCAOPGOBbIMU.

CucremMa OTKPbITbIX MHOXECTB B NOGOM METpUYECKOM NpOCTpaHCTBE 3apaer
xaycaopoBy TONOMOrU0.

Tononornyeckoe NPOCTPAHCTBO Ha3bIBAETCA KOMMNAKTHLIM, €Cnn noboe ero
OTKPbITOE MOKPbITUE COAEPXMT KOHEYHOe noAnokpbitne. MHoxectBo M u3
TONOMOrMYECKOro NPOCTPaHCTBa X Ha3bIBaeTCA NPeAKOMNAKTHbLIM, ECININ €50 3amblkaHne
KOMMAaKTHO.

MoamMHOXECTBO A METpUYECKOro npoctpaHcTBa M Ha3biBaeTCs ¢-- CETbIO ANA
noamMHoxectsa E n3 M, ecnu ansa noboi To4kn X M3 M cyLuecTByeT Touka z u3 A Takas,
4TO p(x,z) <& .CnpaBeanuBo yTBepXaeHue:

Ons Toro, 4toBbl NMOAMHOXECTBO A MeTpU4eckoro npoctpaHctea M 6bino
OTHOCUTENbHO KOMNAKTHLIM (NMPeAKOMNaKTHbLIM), Heobxoanumo (a ecnu M—nonHoe To, U
[0CTaTo4HO), YTobbI ANsi noboro ¢ >0 B M cyuiecTBoBana ¢ -- ceTb Ans A.

Onpepenenne 1. MHoxecmeo M  mempu4eckoeo npocmpaHemea X
Ha3bleaemcsi PeOKOMMakmHbIM  (OMHOCUMENIbHO  KOMMaKmHbIM),  ecnu  mobast
nocnedosamesibHOCMb eao 3/1eMeHIMo8 codepxum hyHOaMeHmMarnbHyro
nodnocnedosamesnibHOCMb.

OYeBUAHLIMY SIBMSKOTCS  cneaylowme akTbl: NPeakoMNakTHOE MHOXECTBO
OrpaHuyeHo, nboe OrpaHMYEHHOE MHOXECTBO B KOHEYHOMEPHOM MPOCTPaHCTBE
ABNAETCS NPEAKOMNAKTHbIM, EANHNYHAsA cchepa B 6ECKOHEYHOMEPHOM NPOCTPAHCTBE —
MHOXECTBO OrpaHUYeHHOE, HO He MpPeakoMnakTHOe (M3  MOCreAoBaTenbHOCTH,
COCTOSILYENl M3 3NMEeMEeHTOB OPTOHOPMWPOBAHHOTO ©asnca, Henb3s BblAEUTb
CXOAALLeCsA NoANoCnea0BaTENbHOCTH).

Onpepenenue 2. Onepatop, AENCTBYIOLLMI U3 OAHOTO METPUYECKOrO
NPOCTPaHCTBA B 1pYroe Ha3blBaeTCA KOMNAKTHbLIM, €CNK OH BCSIKOE OTpaHNYeHHOe
MHOXECTBO NEepeBOAUT B NPEAKOMMNAKTHOE.

Onpepnenenue 3. JluHeliHbili onepamop A, Oelicmeyowuli u3 nuHeliHo20
HOPMUPOBaHHO20 npocmpaHcmea X 6 JluHeliHoe HOPMUpPOs8aHHoOe npocmpaHemso Y ,
Ha3bleaemcs  6rnosiHe  HernpepbleHbIM, ecnu  OH  cnabo  cxo0Awyocs
nocnedosamesibHOCMb epesooum 8 CuslbHO CX00AWYIOCS..

Jio6oii  orpaHMYeHHbI  onepaTtop NEpPeBOAWUT OrpaHUYeHHOe MHOXECTBO B
OrpaHM4YeHHOe W NpeakoOMNakTHOe B NpeakoMnakTHoe. BnonHe HenpepbiBHbLIA
onepatop SABNSETCA OrpaHMYeHHbIM, a nioboi OrpaHWYeHHblt onepatop B
KOHEYHOMEPHOM NPOCTPAHCTBE — KOMMNAaKTHbIM. B GeCKoHe4YHOMEepPHOM MpOCTpPaHCTBE
eAVHNYHBIV (TOXXAECTBEHHbIN) OnepaTop — OrpaHNYeH, HO He KOMMAaKTEH.

Myctb E - orpaHnyeHHoe 3amkHyToe MHOxectBo B R", C(E) - MHOXeCTBO
HenpepbIBHbIX HA E yHKUWIA.

Teopema 1 (kputepuii npegkomnaktHoctm B C(E)). [ns mozo, 4mobbi
mHoxecmeo K 6buio npedkomnakmubim 6 C(E) Heobxodumo u 00Ccmamoy4HO
8bINOSIHEHUE yCriosuli:
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1) MHOXecmeo K - paeHOMepHO ozpaHuyeHo e C(E), mo ecmb
cywecmsyem nocmosiHHas M makasi, 4mo ”"(’)“u 1, M ona moboli
¢yHkyuu x(k)e K ;

2) MHOxecmso K - pasHocmeneHHO HenpepbieHo ¢ C(E), mo ecmb 0ns
06020 £>0 Halidémea &=3()>0 u maxoe, Ymo Kak monbko |h|<3,
x.x+heE, 6ydem ebinofHAMbCs HepaseHcmeo |X(t +h)“‘m"cm<5
ons moboli pyHKyuu x(t) e K .

Teopema 2 (kpuTepuii npeakomnakTHocTM B L (E)). [Ans mozo 4mobbi
mHoxecmeo K — L,(E), p=1, |I‘| <+, 6bI10 pedkomnakmHo e L (E) Heobxodumo u

0ocmamoyHo, 4mobbl MO MHOXECmeo Oblo PasHOMEPHO oOepaHuyeHo e L (E) u
pasHocmeneHHo HerpepbieHo & L (E).

1
Mycte X=Y=([0.1], y(t)=Ax(t) =IK(t,s)x(s)ds, rae K(s.t) - HenpepbiBHas
0
yHKUMA Ha kBagpaTe P ={(f.s):0<t.s<1}. [TokaxeM, 4TO A - KOMNAKTHbIA onepaTop.

1 1

1) Ec [x@)]. <, 10 [p(0)|< [[K(ts)fx(s)ds < K [|xcs)| ds=Kr, e K = max|K (1.5)]. 2)

C (1,5)cP'
0 0 C

Mo Teopeme KaHTopa niobas HenpepbIBHAsA Ha 3aMKHYTOM OrpaHUYeHHOM MHOXECTBE B

R" yHKUMsi sIBNAieTCA paBHOMEPHO HenpepbiBHOW. [loTomy Aans nwb6oro &>0

Hanaétca 6=5(c)>0 TakoW, YTO Kak TONbKO |l|-tz<5, TO OyaeT BbINOMHATLCA

<3.

HEepaBeHCTBO |K(l,‘s) - K(lz,s)l < % ansa BCEX (1,.8).(t,.8)e 1IN |11 -,

1

CrnepoBarensHo, |y(rl)-y(tz)|:j'[l((r],s)—1\'(12.5-)|x(x)¢s-gz;. Ycnosuss  Teopembl 1
0

BbIMNOJSTHEHbI.

Mycte  X=Y=H=L,E), £

<+, V() =Ax(t) = _‘. K(t.s)x(s)ds , rae
E

J'I\'Z(I.S)d!ds‘<oc4 Toraa A Tawke KOMNaKTHbI onepaTtop. Crneayer MCnonb3oBaTh

ExE

Teopemy 2, HepaBeHCTBO Kolun-ByHAKOBCKOro U TeOpemy HEenpepbIBHOCTU B METpUKe
I

Nemma 1. Mycmb X — 6aHaxoe0 npocmpaHcmeo. Ecnu nocnedosamensHOCMb
3/1eMEeHMO8 X, € X cxo0umcs cnabo K anemeHmy xoe X u npeodKomnakmHa, mo X, — Xo
CUJITBHO.

NokasaTtenbcTBO. [1yCTb 3TO HE Tak: Toraa cywecrsyet €>0 u
NOCNE/10BATENLHOCT HOMEPOB 7, Takue, uTo |k, —x,|>¢ . Tak kak {, |

NPeAKOMNAKTHA, TO OHa COAEPXUT NOCNEA0BATENLHOCTb BNIEMEHTOB X, =Y, , KOTOpas
)

P,

CXOAUTCA CUMBHO K HEKOTOPOMY 3neMeHTY Yoe X. Tem 6onee nocneaoBaTensHOCTb
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{%,} cxoauTcs cnaGo K xo 1 N03TOMY Xo=Yo. UTaK, umeem ||¥, —x | =& u [, —x,|—>0 npu
11— 00, YTO HEBO3MOXHO. JleMma Aoka3aHa.

Teopema 3. [Tycmb X u Y — baHaxoebl npocmpaHcmea. J11060ul komnakmHbil
onepamop A, delicmeyrowuli us X 8 Y, nepesodum 8CsiKyto cr1abo cxo0auyrocs
nocnedosamesibHOCMb 8 X 8 CUMbHO cxo0awyrocs 8 Y.

DoxkaszatenscTso. MycTsb x, — X, cna6o, Toraa |x,|<c u, 3HaunT, {Ax,}-
npeakomnaktHa. Kpome Toro, Ax, — Ax,cnabo B Y, Tak kak, B3fB NPOM3BONbHbIN
dyHKUMoHan @ e Y*, nonyuum Q(Ax,)=f(x,), rae fe X*, ¢(Axo)=f(xo). 13 cnabon
CXOAMMOCTY {Xn} K Xo CrieAyeT f(x,) —> f(x,), unn ¢p(Ax,) — p(Ax,) . Takum obpasom,

nocneaoBaTenbHOCTb {AX,} cxoauTca cnabo k Axo. Mo nemme 1 ata
nocneaoBaTeNnbHOCTb CXOAUTCS CUIMbHO K AXo. Teopema AokasaHa.

Ecnu onepatop A — komnakTeH, a B — orpaHuyeH, To onepatopbl AB n BA —
KOMMAKTHbIE.

B cenapabenbHoM runb6epToBOM NPOCTPAHCTBE NOHATUA KOMNAKTHOTO U
BMOJSIHE HENPePbLIBHOTO OnepaTopa coBnajator.

Teopema 4. Ecniu A — enosniHe HenpepbieHbIll onepamop, oelicmeytowuli u3
2unbbepmosa npocmpaHcmea H e H, mo onepamop A* makxe 6rosiHe HenpepbIeeH.
HokasatenbcTBO. [ycThb X, — X, cnabo. [lokaxem, 4to A*(x, —x,) -0 CUNbHO.
4% (e, =" =(A*(Xn-X0), A*(XX0)) = (X-X0, AA* (X
x, = x[l44* (x, - x,)| >0, Tak kaK |[x, —x,| <, AA* - BionHe HenpepbIBeH 1 Mo

[eicTBUTENbHO,
X)) <|
Teopeme 4 A4 *(x, —x,) >0 cunbHo. Mockonbky N6oe B H orpaHnyeHHOE MHOXECTBO

— cnabo KOMNaKTHO, TO ONepaTop A* NEPEBOAUT OrPaHUYEHHOE MHOXECTBO B
NPEAKOMNAKTHOE, TO ECTb ABMSETCA BNOSIHE HEMPEPLIBHbIM.

3apava 1. BbIICHUTb, kaknue U3 MHOXECTB ABMAOTCS OTHOCUTENLHO
KOMNakTHbIMK B npocTpaHcTee C[0,1].

1) MpoctpaHcTBo hyHKuMi f(X), yaosneTeBopstowmx ycnosuio Menbaepa-
Tunwnya |/ (x)- /()| < Lfx—2|", rae uncna L >0, €(0.1] dmkcuposarsl u f(0)=0;

2) {sin(x+n)};

3) {/’(x):max ol Lsup |7 (0 < l}, f(x) AnchchepeHLMpyema B Kaxaoit

BHYTPEHHEWN TOo4ke oTpe3ka oTtpeska [0,1], Ha KOHLAxX CyLUEeCTBYIOT OAHOCTOPOHHUE
NPOM3BOAHbIE.

Pewwenue.
1) PaBHoCTeneHHas HENpepbIBHOCTb CrneayeT NPSMO U3 YCNOBUSA, paBHOMEpHas

OrpaHUYeHHOCTL—H3 TOrO, UTO | £ (x)| =|/(x) = f(0)| < Lx“ < L;
2) MHOXECTBO ~PaBHOMEPHO OTPAHUYEHO, TaK KaK [sin(x +n)| < 1. MHOXeCTBO

PaBHOCTENEHHO HEMPEPbIBHO, TaK kak Ans MtoGOro HaTypanbHoOro Yucna n

x_z)ms(%) S|x—z|;

|sin(x+n) —sin(z + n)l = 2‘sin(
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CymiecrBoBatne HensMepuMbiX MHOXKecTB. ITycrh C— OKpYKHOCTD,
JUIMHA KOTOPOIi paBHa 1, a— HEKOTOpoe MppaloHaibHoe dncyio. OrHe-
ceM K OJJHOMY KJIaccy Te TOuKn OKpyzkuoctu C|, KOTOpbie MOIyT GbITh
nepeBe/IeHbl OJIHA B JIPYTYIO 10BOpoTOM OKpy2kHOCcTH C' Ha yroa mna (n—
nesoe). Kaxipiit u3 aTux kjiaccos Gyjier, 04€BHJIHO, COCTOATL U3 CUET-
HOTO 4HCJIa TOYeK. BbIOepeM 13 KaXK/[0r0 TAaKOro KJIacca 110 OJ[HOil TouKe.
TTokazkeM, 4TO NOJIYUEHHOE TAKNM 06Pa3oM MHOXKeCTBO (0003HAUMM €ro
D) nensmepumo. Obosnadnm depes P, Muokecrso, nosydaemoe n3dy
[OBOPOTOM Ha yrost wna. JIlerko Bujers, 4ro Bee Muoxecrsa P, nomnap-
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1.23. Jloka3zaThb, 4TO _0 -I( -a MOHOTOHHOUN (yHK-

o He Go.nee, 9geM CYeTHO.

Pewenne. Ilycrs pyukums f(2) MOHOTOHHO BO3pacTaeT H Ty TOYKaA pas-
puiBa f(x). Torma mua b(zg) = limg_y,,40 f{2) n al(zp) = limg_y,,—p f(2) nMmeem
b(xy) — a(xzy) > 0. Orpesku [a(wxy), b(xy)] He nepecekalores. CreoBaTeIbHO TAKHX
OTpe3KoB He Goree YeM CcHYeTHOe UUCIIO.




image61.png
1. IlepBas Teopema Ppenroibma.

2. Cymecrsyer s f(x) € C|0, 1], rakast aro:
0 £(0,1]) = R

2) f([0,1]) = (0,1),

3) f([0,1]) = [=2, -1 N L, 2J?
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B cBsi3u ¢ BONpocoM 06 0AHO3HAYHOW Pa3peLUMMOCTU UHTErpanbHbIX ypaBHEHUI
Buaa xm:J'K(r_s')x(s)ds+f(r‘;, |F <+, f(x) eL2(E), K(t,s) eL2(EXE) paccmoTpum
Teoputo ypaBHeHun (I-A)x=f, rae | — ToxaeCTBEHHbI onepaTop, A — BNoSiHe
HenpepbIBHbIN onepatop, aenctayowmii 3 H B H fe H. OBo3Hauum L=1—A4 vn Hapsgy
c ypaBHeHuem Lx=f 6yaem paccmatpueatb 0AHOPOAHOE ypaBHeHue Lx=0, a Takxke
COMPSPKEHHbIE ypaBHeHUs L*y=h n L*y=0.

Tlemma 1. MHoz20o06pa3ue ImL — 3amkHymo, 20e ImL={ye H: y=Lx}.

NokasaTtenbcTBo. [lokaxeM, 4To ImZ =ImLZ, TO eCTb, Crn yaelmbL n
v, > yeH, 10 yelmL. Mo ycnosuio y,=Lx,=x,-Ax, —y. Byaem cuutars, 4to x, L KerL,
160 B NPOTUMBHOM Criyyae nepenaeM K X.-Px,, rae P — optonpoekTtop Ha KerL, npuyem
L(Px,)=0. Mokaxem, 4yto |‘C <(C. Ecnu 970 He Tak, TO cyLlecTByeT

noANoCneA0BaTeNLHOCTL {x', } nocneaoBarensHocTh {Xq}: [x',| -+ Mo ycnosuio





image146.png
Feuaen] D]

el

A — BNOMHe HenpepbIBHbI onepaTop, a nocnes0BaTensHOCTb {" 2

CyLLECTBYET MOANOCNEA0BATENBHOCTb {x'",} nocneaosarenbHocTH {x',} Takas, uto

¥, =¥, 3HauuT |y, <C,, 4TO NPUBOANT K COOTHOLLIEHUIO —0. Tak kak

} orpaHuyeHa, To

n| “

.MNycts z=limz, u B cany |z,|=1 umeer mecro |z,
paes

nocneaoBaTenbHOCTb { } cxoauTes. Ho korga cxoanTesi M NocnefoBaTeNnbHOCTb

N

(S
CTOPOHbI Lz, —0 W U3 CXOAUMOCTU z, —>z cneayet Lz=1(z-z,)+Lz, -0 npu n—>oo,
TO eCTb Lz=0 u, 3HauuT, ze KerL. OaHako Bce x, | Kerl, noaTomy limx", =z L KerlL ,

ps
WUNK BNEMEHT Z OpTOraHaneH camomy cebe. ATO BOIMOXKHO TOMLKO ecnn z=0 1 Mbl
NoMy4MNM NPOTMBOPEYHE C paBeHCTBOM ||z =1. Utak, |x,[<C, a nostomy cywiectayet

{z.}, rpe z,

=1. C apyron

CXOAALLAACA NOANOCNEA0BATENLHOCTL {A%, }. OTCioaa cneayeT cxoanMocTb
noanoCnea0BaTeNbHOCTY {3, }, npudem lim %, = x € H . B npeaene nonyunm Lx=y, T0
oo

ectb yelmL. Jlemma fokasaHna.
Nemma 2. H =KerL®ImL*, H = KerL.*®ImL.
HenocpeacTBeHHbIM CneCcTBUEM NeMMbI 2 SIBMSIETCS cneaytoLas

Teopema 1 (1-a Teopema ®pearonbma). YpasHeHue Lx=f paspewumo moaoda u
mosbko moada, koz20a f | Kerl*, mo ecmb anemeHm f opmozoHaneH nmobomy
peweHuro ypasHeHus L*y=0.

[nsa noboro HaTypanbHOro yncna k Nonoxum H*=ImL¥, B yacTHOCTH,

H°=H=ImL®, rae L°=I, H'=ImL u Tak nanee. Mo nemme 1 Bce HX — 3aMKHYTBI 1 0ueBNAHO
H>H' S5H? 5., npudem L(HY)=H".

Nemma 3. Cywecmeyem Homep j makodi, ymo H"'=H* npu ecex k> j .

[oka3aTtenbcTBO. ECnun 310 HE Tak, TO BCe NOANPOCTPaHCTBA H* pasnuyHbl,
noaTomy no teopeme J1eBn MOXHO NOCTPOUTb OPTOHOPMUPOBAHHYIO CUCTEMY {X} TaK,
yto e H 1 x, LH*" . Nyctb I>k: Ax-Axc=-Xic+(X+Lx-Lx). BbipaxkeHue B ckobkax

npunaanexvt H" w x, L %", noatomy |4x, —Ax,|= |x,[ =1, T0 ecTb n3

nocneaoBaTenbHOCTU {Axg} HENb3S BbIAENUTL CUMNbHO CXOASALLYIOCA
noAnocneAoBaTenbHOCTb, YTO NPOTUBOPEYMUT NOMHON HENPepbLIBHOCTM onepatopa A.
Nemma 4. Ecnu KerL=0, mo ImL=H. Ecnu KerL*=0, mo ImL*=H.

[okasatenbcTBO. ECnn KerL-O T0 oneparop L otobpaxaeT H Ha H B3aumHo
0HO3Ha4Ho, a npu ImL#H yenoyka H* cocTouT 13 pasnw-lelx HOAFIPOCTpaHCTB Mo
nemMme 3 X KOHEYHOE YNCHO, TO eCTb €CnM Xoe H\H' 1 Homep k Takon, yto H'= k=Hket
Toraa L*xe H* n cywectayet ye H: L'x=L*""y, nnn L(L*"xo-L*y)=0. Tak kak KerL=0, To
L*"xo=L*y 1 Tak nanee. B utore nonyunm x=Ly, 4To 03HauaeT Xoe H'. MonyyeHHoe
npoTUBOpeYne JokasbiBaeT paBeHCTBO ImML=H. AHanorn4yHo yctraHaBnmBaercs
cooTHoweHue ImL*=H, ecnu KerL*=0. llemma gokasaHa.
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TNlemma 5. Ecnu ImL=H, mo KerL=0.

Tak kak ImL=H, 1o no nemme 2 KerL*=0, Ho Toraa no nemme 4 ImL*=H. CHoBa
npumMeHsas nemmy 2, nony4um KerlL=0.
M3 nemm 4 n 5 HenoCpeaCTBEHHO crneayeT
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1. Bropas Teopema(asnbreptarnsa) @pejrosbma.

2. MOXHO J1u MOCTPOUTH HA OTpe3Ke [a,b] 3aMKHyTOE MHOXKECTBO,
Mepa KOTOporo paBHa b — a, HO KOTOpOe OTJIMYHO OT BCEro oTpeska |a, b].
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Nemma 4. Ecnu Ke}L=0, mo ImL=H. Ecnu KerL*=0,'m'o ImL*=H.

[okasaTtenbcTBO. ECnn KerL=0, T0 onepatop L otobpaxaeTt H Ha H B3aumHo
0AHO3HauHO, a npu ImL#H yenouka H* coctout u3 paaanublx noanpocTpaHcts. 1o
newme 3 ux KOHENHOE YMCIO, TO €CTb ECTM Xoc H\H" 1 Homep k Takoit, uto H =1
Toraa L' e H* u cywectayeT ye H: Lixo=L""ly, unu L(L<"xo-L'y)=0. Tak kak KerL=0, To
L*"xo=L*y 1 Tak nanee. B utore nonyuum Xo=Ly, 4to 03HauaeT xocH'. MonyyeHHoe
npoTUBOPEYNE A0Ka3biBaeT paBeHCTBO ImL=H. AHanoru4yHo yctaHaBnuBaeTcs
cooTHoweHune ImL*=H, ecnu KerL*=0. llemma goka3saHa.
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TNlemma 5. Ecnu ImL=H, mo KerL=0.

Tak kak ImL=H, 1o no nemme 2 KerL*=0, Ho Toraa no nemme 4 ImL*=H. CHoBa
npumMmeHsaa nemmy 2, nony4um KerL=0.
M3 nemm 4 n 5 HenocpeaCTBEHHO cneayeT

Teopema 2 (2-1 Teopema ®pegronbma unu ansTepHaTtuea Ppegronbma).
Jlubo ypasHeHue Lx=f umeem eduHcmeeHHOe peweHue npu obol npasoli
yacmu fe H, nubo ypasHeHue Lx=0 umeem HeHyneeoe peweHue.
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2.2. MoXHO jm HOCTPOMTH HA OTpe3Ke [a,b| 3aMKHYTOe MHOXECTBO,

Mepa KOTOPOro pasHa b — ¢, HO KOTOPOE OTJIMYHO OT BCEro orpeska (a,b|?

Peruenue Takoro MHOKECTBa HE CyLIECTBYET. [IPEXIOIIOKAM NPOTHBHOE, YTO
cyuieerByeT MEOXCCTBO M C |[a, b, Takoc uro pu(M) = b—a. Ilycrs M, = [a,b]\ M.
Torma pu(My) = 0, My # 0. Tak xax M; # 0, To cymecTsyer Touka r € M, u
okpectHocTs U, (), Takas ato M NU.(z) = 0 (Mmoxuo cunrats, wro U.(z) N [a,b]
wim uETepsas, ecim & € (a,b), mm noaymaTepBas, ecim & = @, wm ¢ = b). B
mobom cayaac 0 < pfla,b|NU(2)) < p(M;), 9T0 TPOTHBOPCUAT NCPBOHAUAIILHOMY
IPEATIONOXKEHTIO.
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1. Tperbsi Teopema Ppearoabma.

2. Ilycrs A OTKpBITOE MHOXKECTBO Ha NpaAMOil n mycrh mepa ji(A)
9Toro Muoxkecrsa pasia a > 0. JJokazars, uro s jgoboro 3,0 < f < «
CyIIecTByeT oTKpbiToe MHOKecTBO Ag C A rakoe, uro pu(Ag) = S.
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HO HE MepecekaloTcss 1 ux obbejuneneM spisgercs okpyxunocrs C. Ecin
Ob1 MHOXKECTBO P OBIIO U3MEPUMBIM, TO OblJIM Obl U3MEPUMbI U BCE KOH-
rpyenThble emy muoxecrsa 9. Tak kax

C=Uy

@y NP, =0, n#Em,

TO B CWJIY O0-aJJINTUBHOCTH MeEpbl OTCIO/[a CJIeJI0BaJIO 61)]7 qTo

o0

1= Z ‘(I)n|

n=-00

Ho KOHTPYCHTHBIC MHOXKECTBa JIOJIZKHbI UMETh OJIHY U Ty 2Ke Mepy, TakK
YUTO ecJii MHOXKeCTBO ‘I)g U3MepuMo, TO

|Pn| = [Do.

Orcioa BUHO, YTO PABEHCTBO JIJIs Psi/la HeBO3MOXKHO, TaK KaK CyMMa
pajta pasna nyo, ecin |9, | = 0, u pasua 6eckoneunocrn, eciu [P, > 0.
Urax, muoxkecrso g (a,cieoBarensro, n kaxioe P, ) nenzmepumo. 13
9TOrO NPUMEpPa CJIeJlyeT TaK»Ke Hea UIMTUBHOCTL BHEIHE Mepbl.
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Nemma 3. Cywecmsyem Homep j makoti, ymo H*'=H" npu ecex k= ;.

DokasaTenbcTBO. ECnM 370 He Tak, To BCe noanpocTpaHcTea H* pasnunuHbl,
noaToMmy no TeopemMe J1eB MOXHO NOCTPOUTL OPTOHOPMUPOBAHHYIO CUCTEMY {X} TaK,
ut0 X H 1 x, LH* . Nyctb I>k: Ax-AxE-Xi+(X+LXi-LX;). BbipakeHue B ckobkax

nputaanexvut H" v x, L H*", noatomy |[Ax, —Ax,|= |x,[ =1, T0 ecTb n3

nocneaoBaTenbHOCTU {AX} HENb3S BbIAENUTb CUIbHO CXOASILLYIOCS
NoANOCNeA0BaTENbHOCTb, YTO NPOTUBOPEYMUT NOMHOM HENPEPLIBHOCTM onepartopa A.
TNlemma 4. Ecnu KerL=0, mo ImL=H. Ecnu KerL*=0, mo ImL*=H.

[okasaTtenbcTBO. ECnn KerL=0, To oneparop L otobpaxaeT H Ha H B3aumHo
0QHO3HauHO, a npu ImL#H yenouka H* coctout n3 pasanublx noanpocTpaHcrs. Mo
nemMme 3 1X KOHEYHOE YUCIIO, TO €CTb ecn Xoe H\H' 1 Homep k Takoit, uto H*="k1)
Toraa L* e H* n cywiectayet ye H: Lx=L"""y, nnn L(L""xo-L"y)=0. Tak kak KerL= 0, 10
L*"xo=L*y 1 Tak nanee. B utore nony4um Xo=Ly, 4to 03HauaeT xocH'. MonyyeHHoe
npoTUBOpPEYME 0Ka3blBaeT paBeHCTBO IML=H. AHanorn4yHo yctraHasnmeaercs
cooTHowenune ImL*=H, ecnn KerL*=0. llemma aokasana.

TNlemma 5. Ecnu ImL=H, mo KerL=0.

Tak kak ImL=H, To no nemme 2 KerL*=0, Ho Toraa no nemme 4 ImL*=H. CHoBa
npumMmeHsas nemmy 2, nonyyum KerL=0.
M3 nemm 4 n 5 HenocpeaCTBEHHO crneayeT




image59.png
Teopema 3 (3-1 Teopema ®pegronbma). OOHOPOOHbIE ypasHeHus1 Lx=0 u
L*y=0 umerom 00HO U MO e U puU MOM KOHEYHOE HUCII0 JTUHEUIHO He3asUCUMbIX
peweHuli

DokasatenbcTBO. [ycTb x=dim Kerl,v=dimKerL*. ECAn p=+0, TO B
noanpocrpaHcTee Kerl cyLiecTByeT cyeTHasi OpTOHOPMUPOBaHHasA cuctema {x}. 13
Lx=0 CcrieayeT paBeHCTBO AXc=X, Mpudem npu I¢k: Ay, — Av, || =|x, —x,| =2 , To ectb
13 nocneaoBaTenbHOCTU {AX} HENb3A BbIAENUTL CXOAALLYIOCA

noAnocneAoBaTenbHOCTb, YTO NPOTUBOPEYUT MOMHON HENPEePLIBHOCTK onepaTtopa A.
Takum 06pasoM v <+w.

[okaxem paBeHCTBO x=v. MycTb {p,} n {1//‘,} — OPTOHOPMUPOBaHHbIE 6a3nChbl
cooTtBeTCTBEHHO B KerL u KerL*. OT npoTuBHOro, npeanonoxum u <o . Monyynm

Sx=Lx+ X(XJ/’, W, .
J

Tak kak onepatop S nony4aeTcsa CnoXxeHnem oneparopa L n KOHe4YHOMEpPHOro
onepartopa, To BCe pe3ynbTaTbl Ans onepartopa L cnpaseanusbl 1 Ana S. Mokaxem,

4TO ypaBHeHne Sx=0 umeeT TONbKO TPUBMANbHOE peLuexue. Utak, Lx+2(x,(p, Wy, =0.
J=1

Mo nemme 2 (Lx.y/;)=0, 3HaunT (x.9,) =0 ans Bcex j =12, u. Moaromy Lx=0, To

ectb xe KerL u ogHoBpemeHHo x L KerL, cnepoBatensbHo x=0.

W3 yTBEpXXAEHUS O TOM, YTO ypaBHEHUEe Sx=0 MMeeT TONbKO TpUBUaANbHOE
peLueHue no 2-on Teopeme dpearonbma cneayert CyLUECTBOBAHME dNeMeHTa Y, Ana

KaX(10ro CNpaBeanMBo PaBeHCTBO I.y+2(y_(p,)yxl =W -
J=1

YMHOXas 3T0 PaBEHCTBO CKansapHo Ha v/, , nony4um cnesa 0, a cnpasa 1, n6o
LyelmL, a ImZ L KerL* . MNpoTuBOpEUYMe 03Ha4aeT, YTo x>uv . 3aMEHUB Tenepb B
Hawmnx paccyxaeHnax L Ha L*, nokaxem HepaBeHCTBO u <uv. Takum 06pa3om u=uv 1
Teopema aokasaHa.
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2.1. fIyCTb A — -e _0 Ha npavon u p(A) = a >

0. Hoka3zars, uyro mns sxobGoro 3, 0 < # < a cyuwecrByer e
o A; C A, rakoe ato u(Ag) = 3.
Pemuenne. Tax kax A OTKpBITO, TO €ro MOXHO NPEACTABUTH B

BuIe 00BLeaMHeHNT He Gollee YeM CYeTHOTrO UMCITIa HellepeceKalolInXes HHTepPBaoB:
A = Ng(arbe), (ax, bx) N (an,by) =0, k #n. Torma u(A) =", (b —ax). Bozsmenm
B KaXKI0M MHTCPBAIC (ay, by ) naTepsai (al, b)), Tak aro b —aj, = (b — ak)2 < by —

ag. Tlo5TOMYy MHOKECTEO Ag = Ug(a}, b)) orkpeiro m u(Ag) = >, (b !h = B.
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3ameuanue. BBB]_I,QHHOQ HaMu olpeJieJieHne U3SMEpUMOCTH nUMeeT J10-
CTATOYHO HAIJISI/IHBIA CMBICIT. Ono O3Ha4aeT, YTO MHOXKECTBO U3MEPUMO,
€CJIX €ro MOXKHO CKOJIb YI'O/THO TOTHO le/l6IIl/IBI/ITl> JIEMEHTapHbBIMU MHO-
KecTBaMHU.

COBOKYITHOCTH BCEX U3MEPUMbIX MHOXKECTB 3aMKHYTa OTHOCHTEILHO
oneparyii B3siTusl KOHEUHBIX WM CYETHBIX OObeJIMHEHNIT 1 Iepecedenuii,
T.e. IpejcTaBisier coboil o-anrebpy (T.e. 0-KOIbIO ¢ eJANHUIEH W KOJIb-
110, 3AMKHYTOE OTHOCHTEJILHO Ollepaliui 00be/[MHEHNs] CUETHON CHCTEMBbI
muoxkectB). Keraru, B cuity cooTHOIEHHTT JIBOCTBEHHOCTH

UnAn = E\ Ny (E\Aﬂ)7 r]nAn = E\ Un (E\An)

o-anarebpa 3aMKHYTa U 110 OTHONICHUIO B3ATHsl ONEDAIMH llepeceerist
cuerHoil cncreMbl MuOXKecTB. DYHKIHS MEPbl 0-a/IITHBHA HA COBOKYII-
HOCTH H3MEPHMBIX MHOKECTB.

Beosst nonsitue Mepnt JleGera, Mbl HCXOJMJIN 13 OOBIMHOTO ONpe/ie-
JIeHUst IO/ M. AHAJIOPHYHOE [OCTPOCHHE JUIsl OJIHOMEPHONO CJIyast
olupaercsl Ha MOHsITHe JUIMHBI HHTepBala (OTpesKa, HOJyHHTEPBAIA).
O1HaK0, MOKHO BBECTH IOHATHE Mepbl 60s1ee 0BIIHM ClIOCOGOM.

[Iycrs F(t)- nekoropast neyOblBaiomasi, HenpepbiBHast ciesa (yHK-
ust Ha npsiMoit. TTosoxunm

m(a,b) = F(b) — F(a+0), mla,b] = F(b+0)— F(a),
m(a,b] = F(b+0) — F(a+0), mla,b) = F(b) — F(a).
Jlerko Bujerb, 4To Tak onpejeennas (GyHKIUs HHTEPBAIA M HEOTPH-
naresbhag u ajauTusia. [Ipumenss K neil paccysKienus, aHajoruible
IPOBEJICHHBIM BbILIE, T.C. HPOJOJIZKAs Mepy € HOIYKOJIbIA Ha KOJIbIO
MHOXKECTB, a 3aTeM 00olast Ha 6esiee UPOKMI KIace MHOXKECTB, Mbl MO-
JKEM OCTPOUTDL HEKOTOPYIO Mepy. DTa Mepa HasbiBacTcst Mepoii JleGera-
Cruibrbeca.
Biejiem obiiee onpejiesienie monsTHs Mephl.
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1. smepumocTb rpejiesia CXOsIIeiicst HOYTH BCIOJLY MOCIe/[0BATEe b
HocTu u3MepuMbix dyukimit. Cxopumocrs o Mepe. Teopema Jlebera.
CBsi3b MEXK/IY CXOJMMOCTBIO MOUYTH BCIOAY U CXOJUMOCTBIO 1O Mepe.

2. dpasiercs in komnaxrubiM onepatop A € L(C[0,1] — C|0, 1]), Ax(t) =
2(0) + #29202(1)?
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Teopema 2. Obsedunenue KOHEUHO20 UM CHETHO20 YUCAG U3IMepUu-
ML MHONCECTNE ABAACTNCA USMEPUMBIM MHOHCECTNGOM.

Hoxkazarenbcrso. Ilycrs B = US2 F, n Bee ), usmepumbr. Torga
JLIs JIIO6OF0 nmn J]lO6OFO £ > 0 lld,Pljl(?TLiI OTKPBITOE MHOZKECTBO Gn n

€
rakoe, uro E, C Gy, |G,\E.|[* < o Honoxkum G = UL, G,,. Cupa-
BesinBbl Biioxkenust: £ C G u G\E C U (Gy \E' ). B cuay csoiicrsa
2) suemmeii mepot: |G\ E|* Z |G \E,|* < € Z 27" = . Teopema

JIOKa3aHa.
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Teopema 3. Ecu {/, (x)} — nocnenosatensHoCTs H3vMepuMbIX Ha F (yHK I, TO

HIDKHHI 1 BEpXHHIH MPEICITBI ITOH MOCICA0BATCILHOCTH — H3MCPHMBI HA /£ (OTPaHHUCHHOCTD
(DyHKUHI HE MTPEANOIAracTcs).

HoxaszaresmbeTBo. 3aMETHM, UTO ¢(x) = inf f, (x) B y/(x)=sup £, (x) H3MCPHMBI Ha [ .

B camom zerte, Elp <a]= OE[f" <al, Ely > a]= OE[/'" > a] u B cuny Teopemer 2 3 §2

n=1 n=l
dynkunn @u y — uamepumsr. Tlycts £(x) u f(x) — BepXHHUil 1 HIDKHHUIT TIpEaETBE
0CIeI0BATENLHOCTH { £, ()} . TIOCKOMBKY £'(x) = S”pi{‘f S T(x)= nf {sup A (r)} . TO, IO
- nzl k=n 2l kzn

JIOKA3aHHOMY BBILIC, OHH H3MEPHMBL. Teopema qokasaHa.
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Teopema 4. Ecmu {/, (x)} - nocnenosaresHOCTb H3MepHMBIX HA F )y HKIHii, CX0aUTCS
noutu croay Ha £k Qyukumun f(x), 10 f(x) usmepuma na E.

Joxazaresmmerso.Ecmu {/), (x)} cxoautes k f(x) Bcromy Ha £, To Teopema 4 ecTh
creacteue Teopemst 3. Ecu {/), (x)}cxommres k /(x) Beroay na £ kpome MHOMXKeCTBA Fy MEPBI
HYJIb, TO f(x) u3MepuMa Ha £\ £ mo TeopeMe 3 1 H3MEpHMa Ha £ Kak Ha MHO)KCCTBC MCPbI
Hy7. CrefoBarensho, /(x) wsmepuma u Ha E = (E\ E,)U E, . Teopema foxazaHa.
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Onpenenenne 4. [ycts pyuxuun f,(x), n=123,.... u f(x) u3Mepumbl Ha £ H IPHHHMAIOT
TNOYTH BCIOY HA /X KOHEYHBIC 3HAYCHHS. [OBOPAT, UTO MOCIEAOBATEILHOCTD {f,, (x)} cxomures
x f(x) mo Mepe Ha . ecmm 111 mo6oro & >0 BeMOHsETCA lim)| (EH/" R e)) |=0.1e.

nn

ans modoro & >0 u moBoro & >0 cymectsyer Homep N = N(g,5) Takoit, uto ans Bcex
HOMEPOB 7 > N CIipaBeIIMBO PABSHCTBO |EH [, =/ | > c] <0.
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Teopema 5 (reopema Jledera). ITycts £ - H3MEPHMOE MHOKECTBO KOHEYHOH MEPBI H
nycts ynkmun f, (x) u f(x) u3mepumer Ba £ 1 moutH BCrOay koHeuHbI. Toraa us

cxoamMocTH noceosatebrocth {f, (x)} k f(x) moutn Beromy ma £ CieyeT cXOAMMOCTB

{/., (x )} K f1 (x) 1o Mepe.
Joxasareserso. Tonosanm A = E]|f] = +o0], 4, = E[|f,|=+%], B=E\E[lim f, = 1,

C=4UBU (UA,,). Toraa o yCIOBHIO TCOPEMBI |(’| =0 u Bcroay BHe C MOCIIEI0BATEIBHOCTD

n=l

/,,(x) = f(x) npu n —> oo u Bce GyHKUMH f(x) U f,(X) NPUHHMAIOT KOHCYHbIC 3HAYCHHA. [t

modoro & >0 nonoxkum F, =E||f, - f|=£]. R, = OE,( .Tak xak £, c R, 10 |E,|<|R,| u xna
k=n

J0KA3aTeIbCTBA TCOPEMBI JOCTATOYHO JA0KA3ATh, YTO R,,| — 0 npu n — 0. O603HAIHM

R=[R, unokaxem. uto |R | —>|R| npu n — oo Tlo noctpocmo R,,, < R, am1 mo6oro

n=l

HOMepa n u nostromy R \R = U(Rk \R,,,), IPHYEM MHOIKECTBA MO 3HAKOM OOBCIMHCHHS HE
k=n
nepecexarorcs. Torma no Teopeme 7 m3 §2: [R, \R|=Y"|R, \ R, ,| u B cruty cxoaumocTn psza
k=n
|R, \R| = Z|Rk \RM| €ro OCTAaTOK CTPEMHTCS K HYJIHO NPH 77 —> 00, T.€. ‘R,, \R| —>0 uu3
k=1

pasencrBa |R |=|R, \ R|+|R| creayer |R,| —|R|. Jin1 t0xasaTe1bCTB a TCOPEMbI A0CTATOUHO

noxasarb |R| =0 a 2151 5T0r0 10CTaTOMHO A0KA3aTh, 4O R < C.




image8.png
Iycts x,-mobas Touka u x, ¢ C. Toraa ama moboro & >0 cymectByer N = N(x,,&)
TaKoH, 4To |f,,(x0)—f(x0)| <& npu n= N, T.e.mpu n= N TouKa X, & E,, a, 3HAUHT, X, ¢ R,

X, € R. Bnoskenue R — C yCTaHOBIEHO, a MO3TOMY H J0Ka3aHa Teopema. Teopema qokasaHa.
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Teopema 6 (teopema Pucca). [Tycts E - n3mMepumMoe MHOKECTBO KOHCHHOH MCPBI H
nycTh yHKUHH f,(x) B f(X) - H3MEPUMBI H IOYTH BCIOJY KOHEUHbI HA E, TO M3

NOCJICI0BATEIBHOCTH {/;, (x)} MO>KHO BBIJICITHTb MOJMOC/IEI0BATEILHOCTD, CXOAAIIYIOCA K f(x)
TIOYTH BCIOAY Ha E.




image75.png
MycTb nocnenosaTensHOCTs hyHKLMIA cxopuTes No Mepe K dyHkumn f Ha F. Torma 1s Heé MOXHO BbIAENUTL NOANOCTEA0BATENbHOCTb, KOTOpas cxoauTes o4ty ooy Ha F « f.





image48.png
JokazaresncrBo. He orpannunBas odmuoCTH cuntaem, uto f(x) u f, (x) NPHHEMAIOT
KOHCYHBIC 3HAUCHHA BCIOAY HAa E (B MPOTHBHOM CiTy4ae, Kak H B TCOPEME 5 PACCMOTPHM
muoskectso E/AUUZ,A,)). Tak kak f,(x) — f(x) no mepe na E, 10 111 moGoro womepa k
HaHIETCA HOMEp /1, TAKOH, UTO

/ . Ionoxum

Kak u B eopeme 5 R, = | JE, . R =(|R, . Toraa B ciity CBOHCTB BHEIIHE#H MCpSI:
k=n n=l

R,| < Z|E |=|R,|< 21,( =T =|R,| >0 npu n —o0. Jlance, xak u B TCOpEME 5
k=n k=n

zoxaxeM, uto|R,| — |R| mpu 7 —> 0, 1.e. |[R|=0. Ocraéres A0xa3aTs CXOAUMOCTE

JUIA MEPBI MHOKECTBA [, = /{

1
., — /] zﬂ

S (x)— 7(x) mpu 1, — oo BCroay BHE MHOKeCTBA R . [TycTb X, - MOGAA TOUKA MHOYKECTBA

E\R=E\[R,.Torma x, ¢ R, npu sexotopom N = N(x, ). Ho 310 3Haumr, uto x, & £, mpu

n=1

k>N(x,).Te. | 7, () - /'(x[)‘ < % npu k > N . ClIe10BaTeIbHO, MOCIICI0BATEILHOCTD

f, (x3) > f(x,) uTcopema roxasana.
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1. Nurerpas Jlebera or orpannydentoit ¢pyukiuu. MuTerpupyemocrs
orpaHnveHHOi u u3Mmepumoit ¢pyuknuu. CpoiicTBa nnTerpaJsa Jlebera or
orpaHuveHHoit QyHKINN.

2. fBngercs n komnakTHbM onieparop A € L(C[0,1] — C0,1]), Az(t) =

t2020
—x(t)?
sint+2x( )
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Ilycts E — H3MEPHMOE MHOKECTBO H | F |< +oo. Ha3oséMm pasouennem E moboe
cemecTBo 7' ={F,};_ ={L.F,. ... F,} KOHEYHOTO YHCIIAa H3MEPUMBIX, IIONAPHO HE
n
NEPECCKANOMIMXCSL MHOJKECTB H TAaKuX, uto £ = U
k=1
IMycts f(x) - NPOM3BOJIbHAS OTPAHHYCHHAA HA MHOKeCTBEe F (hyHKums. Jlns moboro
pasoucuust 7' o6o3HauuM M, = sup f(x),m, = in}c J(x) 1 paccMOTPHM CyMMBI
xeE,

xeEy

» n
Sp = M, |E,|.s; =Y m,| E, |, KOTOpbIC HA3HIBAIOTCA BEPXHEH M HIDKHEH Cymmamu JleGera
k=1 k=1

pasoucuus 7' . SICHO, uTO 5, <.S; M 3TH CyMMBbI OrpaHuycHbL [TosToMy cymecTByroT / = u%f Sy
U [ = sups;, , HA3bIBACMbIC BEPXHUM U HIJKHHM MHTerpanamu Jlebera yuximn f(x)
s

COOTBETCTBCHHO.

Onpenesienne 1. OrpaHuyCHHAs HA MHOKCCTBE KOHCUHOI Mepbl F (yHkums f'(x)
Ha3bIBACTCS HHTETrpHpyeMoii (1o Jlebery) Ha £, ecnu [ =1, T.¢. €& BEPXHHUIi U HIDKHHIH
unterpan Jlebera coBnanaror. Obwee 3HaueHne / =/ =/ Ha3biBacTcst HHTErpasioM Jlebera oT

/(x) nmo mHOKecTBY FE M 0Do3Hauaercs [ = j' S(x)dx.
E




image83.png
Teopema 1. Beskas materpupyemast no Pumany Qyrkums f(x) spiasercs
HHTErpHpyeMoii mo Jlebery, mpuuém e€ mHTerpansl Pumana u Jlebera comanaror.

lokasareancrBo. [Tycts f(x) maTerpHpyema no Pumany Ha £ = [a)b]> a, 3HAYMT, ABIACTCA
orpanm4cHHOH. Toraa, moCcKOIBKY JIF000€E pa3OHeHHE OTPe3Ka [a,h] HA YaCTHYHbIC CETMEHThI
(mo PumaHy) BKIIIOHAETCs B KJIacC pa30HeHHUI MHOKecTBA F (10 JleOery), HMEIOT MeCTO
HEPAaBEHCTBA: [, <[ < 1<Tr. Tak kak /f(x) uaTerpupyema no Pumany, To Tr=1 - OTKyJa
crieyeT paBeHCTBO [ =1 . TO eCTh f(x) HMHTErpHpyema no JIeGery u HHTCrpasl PuMana i
Jlebera coBmanaroT. Teopema 10Ka3aHa.

Teopema 2. Beskas orpaHHUCHHAsS H H3MEPHMAs Ha H3MEPUMOM MHOKECTBE KOHECUHOM
MepsI (DyHKIHS HHTETpHpyeMa Ha HEM 1o Jledery.

JokazareerBo: [ToCTPONM CCHHATBHOE IEOETOBCKOEC PA3OHCHHE MHOXKECTBA £ .
[Tycts m = “}f S(x), M= supf (x) . Pa306bém otpesok [m, M ] Touxamu

m=y, <y <..<y,=M unonoxum & =maxAy,, Ay, =y, — ¥, ;.

1<k<n

JIeOErOBCKHM Pa3OHCHHEM MHOMKECTBA [ HA30BEM pa3OHCHHE
T={EY . E=Hyw</<yl E=Ey.,</x)<n) k=23..n
Bce MHOKeCTBa F, H3MEPHMBI, TaK Kak GyHkuus f(x) mzmepuma. ITyctb s, , S, — HIOKHSA

M BEPXHHC CyMMBI, OTBCUANOIIHME pasoucHmio 7 . Jlns moboro Homepa k HMCIOT MECTO
HEPABCHCTBA ), , <my <M, < y,.rae m, :ilElf J(x),M, =sup f(x). YMHOXKas 3TO TPOiiHOE
A 3

Ey

n n
HEPABCHCTBO HA | £, | u cymmupys 1o k, mosyunm Z_VH | By |<sp <S5 < Zyk | E, |. Otcroma
k=1 =

" _
0<8, —s; <> (¥ =¥ | E; |. a Tax xax Ans moBoro pasouenns 7 : s, <[ <1 <S;, 10
k=1

0</-1 sb‘|1:] . Y13 mocieaueit OLCHKU B CHITY BO3MOKHOCTH BBIOOPA MPOU3BOILHOTO

MOJIOXKHTCIIBHOTO YHCIa O ToJyuaeM paBeHCTBO / =/ . Teopema aokaszaHa.




image41.png
OrMeTHM Cleayromue CBOicTBa HHTerpana Jledera.

L [lde=|E| Ecmn f(x)=1#a E.10 5, =S, 5 E|.
E

II. Ecnu  f(x) orpaHuucHa, HHTErpupyeMa Ha £, | E|<+oo, u o moboe
JICHCTBUTEIBHOC YHCIIO, TO (hyHKIMsA off (X) TaKke HHTErpHpyeMa HA £ u

Iog"(x)n’x = aj Jf(x)dbx.
E E

a

ITycTb A1t MPOU3BOIBLHOTO pasoucHus 7 : s;, Sy, sy, Sy — HIDKHHC H BEPXHHE CYMMBI UL f'(X)
u of (x). Torma
" {OAS',.,aZO u {ULST,(ZZO
Sy = . =
oy, <0

oSy, <0

W3 unrerpupyemoctu f(x) creayer [ = 1= I Jdx , 3naunt [ = "= ocj Jabx .
E E

III. Ecn pynkumn f,(x) u f,(X) OrpaHHYCHbI H HHTCTPUPYEMBI Ha E,

| < +o0, TO nx

CyMMa HHTETpHpyeMa Ha MHOkecTBe E n I( S () + f5(x))dx = IE Si(x)dx + IE J>(x)dx . TIycts
E

S = fi(x)+ f,(x) u T ={E,} - npoussoabHOE pa3oucuue E. Mmeer MmecTo Tpoiinoe
HEPABEHCTBO: m, +m; <my, <M, <M, +M; , nostomy sy +s; <s; <S, <Sp +S7.B

- =1 =2 .
Pe3yIBTATE MOTyYACM COOTHOIEHHE /' + / <I<I<T +1 .3 HMHTCTPHPYEMOCTH ()yHKIMI

fi(x) 1 f,(x) BBITEKAIOT paBeHCTBa [ = 7' =I Si(x)dx m [ 2= 72 = j' [>(x)dx , oTKyna creayer
E E

HHTErpHpYeMOoCTh f(x): [ = 1= IE S(x)dx.

W3 ceoiicts 11 u 111 BhITeKaeT uHEHHOE CBOMCTBO HHTErpasa Jlebera:

[ + pryx = | fiake+ B freix.

IV. Eciu f(x) orpaHHYeHA H MHTCTPHPYEMA HA KOKIAOM M3 HEMEPECCKAIOIMXCS
MHO’KECTB KOHCUHOI Mepsl F, u F,,To f(x) unterpupyemauHa £ =FE UE, u

I S(x)dx = j S (x)dx+ jf (x)dx . DTO yTBEPKACHHE CICAYCT U3 TOTO, UTO Moboce pasdoucHue T
E E, Ey

MmHoskecTBa E pacnazaercs Ha pasoucnue 7| u 7, mms MHOKeCTB ) U F,, a 00beAMHCHHE
MOOBIX ABYX Pa3OHCHHIT MHOKECTB £, U F, SBIACTCA Pa3OMEHUE MHOMKECTBA E.

V. Eciu Qyskumn fi(x) 1 f,(X) OrpaHHYCHBI H HHTCTPUPYEMBI HA E, |}“ <400, H
Ji(x) = f5(x) Bcroay (moutu Bcroay) Ha E, To L Ji(x)dx > L J>(x)dbx . Tak kak BCe HIDKHHE

cymmbl pyHKuHH /7= f(x) — f,(x) HeoTpuuarembHeie, T0 [ >0.




image100.png
1. Unrerpas Jlebera or HeorpaHudeHHON 1 HeOTpHUIATEJbHON (DYHK-
nuu. Ilogmas ajjpuruBHOCTH U aDCOJIOTHAST HENPEPBIBHOCTH HHTErPaJja
Jlebera. MarkopaHTHBIII TpU3HAK CYMMUPYEMOCTH.

2. By,Z[eT JIM METPUIECKUM IIPOCTPAHCTBOM MHO2KECTBO TOY€K Ha IIps-
Tle—yl ,

MOif, ec/in paccroginme Mex, 1y HuMu BeectH 1o opmyite p(x, y) = m
r—=y




image44.png
Iycte f(x)>0 Bcroay Ha E,
Jlns modoro uncna N >0 monoxuMm f(x) =min{ N, f(x)} -cpe3ka pynkunn f(x) . PyHkuns
/v (x) Takke n3mepuma Ha E:

Elfy >a]l= {E[@/ >al, npu a<N

IMpuuém cpeska f, (x) - orpannucHa. B crity Teopemst 2 w3 1.1 3Toro maparpaga

npu a>N
cymecrsyer unterpan I (f) = j-/\ (x)dx.
E

Omnpejenenne 2. Eciu npu N — oo CymecTByer %")l Iy (f) <+00.T0 f(X) Ha3bIBAcTCA
cyMMHpyeMoit Ha MHOskecTBe E, a 3TOT mpeaen HazpiBaeTcst HHTErpaioMm ot f(x) Ha E u
0003HaYaeTCs I SX)dx=1(f).

OTMeTl/l’;L yto ecau f(x) =20 u cymmupyema Ha E, To f(x) = +o0 mHmb Ha
MOJMHOKECTBE MHOKeCTBA E MepsI Hysb. B camom aene, mycts /4, = E] f = +o0] , TOrIa
L) = [ f@)de=[ f()dx > N [de=N|E,|. Bemm |E,|> 0,10 1,(f) —>+e0 npu N >0,

E E, E,

OTKY/1a CIIC/lyeT PABCHCTBO || = 0.

OTMETHM TAaKIKe, YTO ISl HEOTPULATEIBHBIX CYMMHUPYEMBIX (DYHKLHMIT CTpaBEIIMBBI CBOHCTBA
-V w3 m.l.

Iﬂ <400, f(x) - H3MEPHUMA H, BOBMOKHO, HC OTPAHHYCHA.




image132.png
@
Teopema 3 (mosHast A/UIMTHBHOCTH nHTErpasa Jlebera). [Tycts £ = UE s |E| < 400,
k=1

E,NE, =0, i j, Bce MHOKeCTBA [, - m3vepumsbl. Torma 1) ecmn f(x)=0 u f(x)
cymmupyema Ha £, 10 f(x) cymmmpyema Ha E « » IPHYEM
I Slhde =3 [ flkdr: *
k=l |,
2)ecmn f(x)>0, f(x) cymmmpyema Ha BceX MHOseCTBaX £, U paa B hopmyrne (¥) cxoaures,
10 f(x) cymMmmupyema Ha £ M CTIDAaBEATHBO PABEHCTBO (*).

JokaszareancrBo. CHavana qokakeM yTeprkacHus (1) u (2) A HEOTPULATETBHON

orpanmycunoi Gyrkunn £ (x). Tlyers 0< f(x)<M . Tonownm R, = | JE, :

k=n+1

IR,| = S|~ 0 npu n—>ooujf () — Zj; (x)ec = Ij(x)dvc<AIIdvc—A/l|R | >0, Te.

k=n+1
Clyyail OrpaHHICHHON (DyHKUMH / (x) paCCMOTpeH.
[ycts [ (,\) >0 - mobast CcyMMHpyeMasi i HCOTPAHHUICHHAS (DYHKI[HSI HA MHOXECTBE /2. B

CHITy HCPABEHCTBA _[ Jdx < _[ Jfdx cnexyer cyMMHpYeMoCTb Ha [, . OcraeTcs Joka3aTh

Ey
paBeHCTBO (*). U3 HepaBeHCTBA f) (x) < f(x) BBITCKACT OLCHKA (B CHITY CIPABE/UTHBOCTH
TCOPEMBI [UTAA CITy4ast OTPAHHUCHHOM (hyHKIHMH)

[7u( )iv—ZJJN v)dv<2[/ x)ds . (**)

'_IFA k=1 FA




image120.png
Tlepexos 31€Ch K MpeAety mpu N —> oo, TIOTyqHM J' Sle)dxe <

TTM&

J' x)dx . C Apyroit CTOPOHbI,
E

1S TOOOTO HATYPATBHOTO YHCIA 11 I Sydx = Z j Sfyde> Z j . VetpemuB N —> 0, a

k=L E, k=L E,

3aTeM M1 —> 00, OIYYAM I f(x)dx> z j f(x)dx , 4TO M JOKA3BIBAET CIIPABEATHBOCTb PABEHCTBA
k=l E,

(*). Jls1 M0KA3aTeICTBA YTBEPIKIACHHS 2) I0CTATOMHO 0G0CHOBATH Cymmupyemoctu f(x) ma E,
160 (opmyma (*) ysxe nokasana. Ho cymmupyemocts Gyukuun f(x) Ha £ cpasy creayer us
HEepaBeHCTBA (**) M M3 CXOAMMOCTH PsAZa B MPaBOii yacTH. Teopema Joka3aHa.

Teopema 4 (aGcounoTHasi HENPEPbLIBHOCTHL HHTEpBaJa Jlebera). Eciu f (x) >0wm
cyMMHpyeMa Ha F, |E] < 40, TO 471 JIF000T0 £ >0 CymecTByeT & >0 Takoe, 4TO KAKOBO ObI HI

OBLIO H3MCPHMOE MOAMHOKECTBO ¢ C £ C MEpOil |¢| < & crpaBesMBo HEPABEHCTBO
I S(x)dx<e.
Hokazareanerpo. Tak kak f(x) - cymymmpyema Ha £, To 4714 mo60ro & > 0
, &
CYILECTBYET YHCIIO N, IPH KOTOPOM BBINOJIHACTCS HEPABEHCTBO I [r)= sy e < 3
3
TostoMmy, Bcuy fy (x)< N cnpaBeaTMBBI COOTHOMICHUS

jf(x)dx = I[f(x)—fy (x)ax + IfN (x)edx <%+ Nle| =& npu & = % Teopema A0Ka3aHA.

1
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Teopema 5. Ecnn /(x) >0, cymmnpyema ra F, tae |E| < +o0 1 j f(x)dx=0.10
E

f(x)~o0.
Joxazareanerso. JIOCTATOUHO JOKA3aTh, YTO Mepa MHOzkecTBa F[f(x) > 0] pasna
ny:mo. [Toxazkem, uT0 114 MOGOro @ >0 BhMoHsCTCA cootHowerne |E,| =|E[/(x) > a] =0.

Ecmu
[E,|>0. 70 I f(X)dx > I S (¥)dx>alE,| >0, HO 370 HCBOBMOKHO. 3AMCTHM, UTO MBI JOKA3AIH
E E,

HEpaBeHCTBO YeObmena |E[ f(x)> u] < ljf (x)dx . Teneps, Tak KaK
ay

E[/(x) > O] = OE[/(x) > %} . TO |E[_/'(x) > 0] < i‘E[f(x) > %}‘ =0. Teopema gokazaHa.
k=1 k=1

Teopema 6 ( mazkopanThblii npusnak). Ecmu f/(x) 20 - m3mepuma Ha E | |E| <400,
/>(x) - cymmupyema Ha E n, ecim BCroay Ha E BBINOJHACTCS HEPABEHCTBO fi(X) < f,(X), TO

Ji(x) -cymmupyema Ha E u cipaBeanBa OLeHKa _‘../{ (x)dx < _" Jr(x)dx.
E E

AOK‘&'}&ITCJII;CTBO. Cnpase:mnsoc-rb TCOPEMBI CIICAYCT U3 COOTHOIUCHHA
[ ferde < [ fuy (o)< [ £y ().
E E E
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1. Unrerpas Jlebera or neorpanudennoil pyHkium JodOTo 3HAKA.
Teopewma Jlebera o npejiesibHOM 1epexojie 10Ji 3HAKOM HHTErpaJia.

2. Haiitn B kaacce C[0, 7] cobcTBennble 3HAYCHUST U COOCTBEHHDIE
yHKIUT omiepaTopa

™

Az(t) = /cos(t + s)z(s)ds.

0
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Tycrs [E| <+, f(x) - u3vepnvas pynxuns Ha E. BBea&M B paccMOTpeHHe 18e
Qyskumn f(x) = %d f (x)| +/())u f(x)= %(| f(x)l — f(X)), KOTOpPBIC TAK/KE H3MCPUMBI HA
E . CnpaBenymussl paBeHcTBa [ (X)+ / (X) = |f(x)| L= (x0)=f(x).

Onpejenenne 3. M3mepumas Gpyskums /(x) Ha3biBaeTcs cymmupyemoii Ha E | @

ecrm Ha E cymmupyeMsI 00¢ HeoTpHIaTenbhbie GyHkuun f*(x) 1 f(x). [Ipu atom
unTerpanom Jlebera oT f(x) Ha3bIBACTCS Pa3HOCTh .ff(x)(tv = I S (x)dx— I S (x)dx.
E E E
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Onpesesenne 4. COBOKYITHOCTb BCEX CYMMHUPYEMBIX HA H3MEPHMOM MHOJKECTBE
E (ynxmmit o6o3nauactes L(E)= L, (E). Tosopsr, uto nocnenosarensrocts [, (x) e L(E)

cxomures B L(E) (cxoaures B cpeanem) k f(x)e L(E), ecmu |jm J'|f,,(x)—f(x]dx =0,
e |




image140.png
Teopema 7(reopema Jlebera). ITycts (ynkumn f, (X) MOYTH BCIOAY KOHCUHBI H
H3MCPHMBI HA H3MEPHMOM MHOKCCTBE E KOHEUHOH MEpBI M 3Ta MOCICA0BATEIBHOCTD CXOAUTCS
MO Mepe K H3MEPHMOIi M MOUTH BCroAy KoHeuHo# (ynkuuy f (x). Eciu cymectyer
cymmupyemast Ha MHOkecTBe E (hynkums F(x), Takas 4To 71 BCeX HOMCPOB Nl M OUTH BCEX
TOYCK X, MPHHAICKAIIMX MHOKECTBY E, ClipaBe THBO HEPABEHCTBO |/, (X)| < F(x), To

nocaeaoBarenbHOCTh £ (X) cxoautces k f(xX) B cpennem 1.€. B L(E).

JokasaresberBo. ITycts (pyHkimu f (X) MOYTH BCIOAY KOHCUHBI H H3MEPHMBI HA H3MEPHMOM
MHOKeCTBE E KOHEUHOMH MepbI H 3Ta MOCIEI0BATEILHOCTh CXOAUTCS 1O MEPE K H3MEPHMOH H
NOYTH BCIOAY KOHeuHOH (pyHkumu f (x). Toraa mo Teopeme 6(Pucca) u3 maparpaga 3 MOKHO
BbIICUTB TONOCICA0BATEILHOCTD, CXoAsmy ocs K (pyHkimH f (X). [lepexoas B HepaBeHCTBE

| - (x)| < F(x) k mpezeny, MoIy4YnM | f (x)| < F'(x) Ams mOYTH BCEX TOYCK X M3 MHOXKecTBa E.
B cuny Teopemsl 6 He To1bK0 (yHKImun £ (X) cymmupyemsl Ha E, Ho u Qynkums f(x). Teneps
JUIs TOOO0TO TOIOMKUTEIBHOTO YHCJIA € TOIOKHM [, = Eﬂf - f,,| > c]. OueBuIHO,
uro|/, (x)— / (x)| £2F(x). Torza
(11, = Flde= {11, = fte+ [ |1, = flde <2 [ Feodc+elE| <Ce,1x

E, E\E, E,

E

uHTerpan or F(X) B cuty abComOTHOI HENPEPBIBHOCTH HHTErpana Jlebera CTpeMHUTCS K HyJIHO
NpH CTPEMJICHHH 17 —> o0, Teopema aokasaHa.




image51.png
Teopema Jlebera [npasurs]

Teopema (JleGer, o MaxxopMpyeMon CXoOUMOCTH):

Mycts va B2 C X sapana nocnefosatenbHOCTL CyMMUpyeMbIX doyHKUMIA f, , Takix, 4To
|fn(w)| < (p(w) MoYTy BClody, IAe (P — CyMMUpyemas.

Myctb fn :> f (no mepe). Toraa AonycTM NpefenbHbIvi Nepexop Nof 3HaKoM MHTerpana:

hmffn—f_f

n—oo E

[okasaTenbcTBO:

>

fn :E> £ cnenosatenbHo, Mo Teopeme Pucca, MOXHO BbIAENUTL CXOASLLYCS
NOANOCHE0BaTEeNbHOCTL fry, -

| Fr (2)] < (). Yetpemum k k 6eckonedrocty, Torma | f(z)| < ¢(x).

Mo onpepeneHuto HTerpana, Ve > 0, moxHo nogobpats A, — xopowee ana ¢ : f pdp < €.
A

- Jf
E

f [frn—f] < f2(p < 2¢ (no BeiGopy A)

A A

A, — xopowee, cnegosatensHo, LA. < +00, cnegosatensho, |p(z)| < M na A..

S.[lfn_f|:f|fn_f|+f|fn_f
E A i

| ful, | f| maxopupyiotes o < M ha A..

Tem cambim, f | fn—17 | ynoBreTBopsieT TeopeMe JleGera o npefernbHOM nepexoae nof 3Hakom
A

OnpeasieHHOTo UHTerparna, crefoBaTerbHo, f —— 0. Torgan f | fn— f| — 0,utom
As n—o0 n—o0

Tpe60BaJ’IOCb [oKasaTtb.

<

MpumeyaHue: Tak Kak Ha MHOXECTBE KOHEYHOW Mepbl U3 CXOAMMOCTH MOYTU BCIOAY BbITeKaeT
CXOOMMOCTb MO Mepe, To Teopemy Jlebera MoXHO Gbio hopMynMpPOBaTh ANS CXOAVMOCTY MOYTU BCOAY.




image7.png
1. Teopema JleBu n crnejpcrBue u3 Hee jisi psjioB. Teopema Daty.
Teopewma JleGera-Kpurepuit HHTETPUPYEMOCTH.

2. Haiiru nopmy u cnexrp oneparopa A € L(ly — 1), A(x1, x2, 23, ...) =
(21/2,2x9/3,3x3/4, ...;n2,/(n + 1), ...).
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Teopema 8 (teopema Jlesn). ITycts f (x) - cymmupyemsic Ha MHOKeCTBE E (hyHKImm,

|E| < 400, M IyCTh I JIFOOOTO HATYpPaJbHOTO YHCJIA N BBITOIHACTCS HEPABEHCTBO

£, <f,,,(X) a1 nourn seex x € E. Ecnu cymecTsyer noctossuas M Takast, 4To st

JF000TO HATYPAIBLHOTO YHCIIA N BBIMOIHACTCS HEPABEHCTBO jf L(Ndx| <M, 1o
E

nocenoBaTebHOCTS {f, (X)) cxomuTcs noutH BCroay Ha E k nekoropoit dyrkumm £(x), npuyem
£,(9 € L(B) u lim [f,(9dx = [f(dx
- !

Hoxaszarecrso. He orpanmunsas odmuocTH, cuntaeM: f
(f, >g, =f,-f,>0). Tak xax {f,(x)} He yObiBacT noutu Bcroay Ha E, T0 1711 noutn Boex

x € E onpeaenena npeaeabuas GyHKums f(X) . KOTOpast B 3THX TOYKAX MPHHUMACT KOHCUHBIC
uH OeCKOHEUHBbIC 3HAYeHMs. Ecii MbI okaskem, uto f(X) cymmupyema Ha E, To u3 3toro Oyzaer

cneaoBarhb, yto f(X) - mourH Bcroay koneuyna Ha E u f (x) - f(x) mo mepe va E B cumy Teopemsl

(X) =0 nouru BcroAy Ha E

5 u3 §3. Orcrozna B cuuty HepaseHeTsa f, (X) <f(X) mourn Bcroay Ha E u Teopemsl 7 momyunm

paBeHCTBO lim If L(dx = If(x)dx . Takum 00pa3oM, JOCTATOUHO JOKA3aTh CyMMHPYEMOCTh
e
E E

(ynkuuu f(x) Ha MHOKECTBE E.
Jlst mo6oro N>0 mocnie10BaTeIbHOCTh {f".N(x)} cxoautes k fy (x) mourn Bcroay Ha E,

npuyueM orpanmucHHas Qpynkuus fy(x) cymvupyema Ha E u ang nouru Becex x € E
BBINOJIHACTCA HEpaBeHCTBO f \ (X) < fy (X) . [Tpumenss

n—x

TeopeMy 7. MOJIYy4HM lim J' fon (x)dx = I fy (x)dx. OTCI01a U M3 HEPABCHCTBA
E E
[, (e)dx = [ f,,  (x)dx caeayer, uto lim J £, (o) = [ £y, () aTak Kak [ f, (x)dx <M AT
l:CCX n,TO l'; J' fv(xpx <A1 . W3 l'lOCJIe,ZlHI(;FO HepaBel-:crsa U u3 Heyﬁbmam:ﬂ HHTETPaIa B HEM
no N Bbchmch CYIIECTBOBAHHE Mpeaena ym _[ f (x)Xx . 4TO H O3HAYACT CyMMHPYEMOCTb £ (x)
Novad

Ha E . Teopema JoKa3aHa.
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Caeacreue (151 QvHKIOHAILHLIX PsitoB). Ecim Bee yHKIuH 2, (x)> 0 MOUTH

BCIOJy HA F , CYMMHPYEMBI HA £ M €CIIM CXOAUTCS P u (x)dx , TO IOYTH BCIOAY HA F
) ) ) ” Ay

=

CXOAUT szt z u,,(x). mpudeM cymma S(x) pana cymmmpyema Ha E _[S(v)dv = J'u" (o )dx »

n=l g
T.C. PS MOKHO HHTCTPHPOBATH MOWICHHO. 371eCh B KauecTBe £, (x) 6epew YACTHYHYIO CYMMY

S, (x)= ;uk (x)-
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Teopema 9(reopema @ary). Eciu nocaeposarensnocrs fn(x),
M3MEPUMBIX U CYMMHUPYEMbIX Ha H3MepUMOM Muoxkecrse F ynkumii,
cxonures 1.8, na E k npeaeannoii dyuxmun f(2) u ecan cymecrsyer no-
CTOsAHHAasA A TaKagd, 4TO JIJIsl BCeX HOMOpOB 7. BBIIIOJIHACTCHA HCpaBCHCTBO
[ fa(2)|dz < A, To dynkuua f(z) cymmupyema na I u cipaseyinBo
E

nepasencrso [ |f(z)|de < A .
E

Joka3zarennbcTBo. [lonoxum g,(x) = ]il;f | fr(z)|. @ynkuun g,(x)

u3MepuMbl Ha MHOXKecTBe F (110 Teopeme 3 u3 naparpadpa 3). Iocueo-
BaTeILHOCTL 9TNX QyHKIWil He yobisaer na E n cxopures K | f(2)| n.8. na
E. Kpowme Toro, jyisi Bcex HOMEpOB 1 BCIojly Ha F cripaBelyinBO HepaBeH-
crBO gn(2) < |fn( )|, HoaTOMY B CHIUIY MAXKOPAHTHOIO IIPU3HAKA KAz 1451
dbyukuns g,(z) cymmupyema na E. IIpumensisi K 10c/1e/0BaTebHOCTH
bynxuuii {g,(z)} reopemy 8(/lesu): fgn Ydr < f|fn )|dz < A no-

ayunm, uro f(x) cymmnpyema na E n llm fgn dw = f|f )|dx. Us
3TOrO PABEHCTBA U HEPABCHCTBA fgn f |l |da: A nojtyunm

1 OIIEHKY f|f )dz < A T(‘()})(‘Md, JL()Kdddlld
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Teopema 10(teopema Jlebera). Jlas Toro 4robbl orpannyeHnas
Ha U3MEPHUMOM MHOXKECTBE KOHeuHOU Mepbl F dynkuus f(z) sBiasnach

urrerpupyemoit 1o JleGery na E HeoOX0AuMO 1 J1ocTaTouno, 4tobbl f(x)
Oblia n3mepuma Ha F. )

JokazaresibeTBo. JJocrarounocTs jlokazana B TeopemMe 2 3Toro na-
parpada, joKaxkeM HeobxoguMocTb. [Iyers f(x) orpanuyena u nnrerpu-
pyema Ha MHOXKecTBe F, T.e. ee Bepxuuii n HmpKuuii nnrerpaint Jlebera
cosaiator. CieJIoBaTesIbHO, CyIIECTBYET MOCIEJI0BATEILHOCTL pasbue-
mnit T, = { EJ'} Muoxecrsa E Takasi, 4T0 COOTBETCTBYIOIIHE TOCIIEI0BA-
reapuocru Bepxuux {S,} n mxuux cymm {s,} JleGera yjosnersopsior
Hepasencersy S, — s, < 1/n, npuiem xaxjoe paszbuenne T, siisiercs
u3mesipaenuem pasouenust T, 1. ITo onpejenenuio

Su=Y_ ME, .=y my|E],
k k




image133.png
rye M} umj]l rounasi BexHsist 1 TOUHAsI HUXKHsist rpann dyHKuun f(z) Ha
Ej. Onpegtenm nocnesosarensuocru dyuxuuii f,,(v) n f (), nonoxus

Fa(x) = M wa mmoxecrse Eff, f (x) = mj na Tom xe mnoxecrse Ef.

dAcno, uro dbynkmun f,(x) u in(a:) usmepumbl Ha I T.K. npuHHMAIOT
Ha F KOHEUHOe UMCJIO 3HAYEHHMIA, IIPHUEM IOCJIEI0BATEILHOCTE (DYHK-
wnii f,() He BO3pacTaeT, a MOC/IEIOBATEILHOCTH HE yObIBACT f(x)n
CIPABE/TINBO HEPABEHCTBO h

[,(@) < fz) < [u(2)
Honoxum f(z) = lim f,(z) u flx) = nhj{.loin(z) ITo Teopeme 8(Jlesn)

uMeeT MeCTo paBeHCTBO

i / @) - £, (@lds = [ (7o) -
E

U3 onpegenenns f,(z) u £, () Borrekaer, uro

/[fn(x )]d{L‘ = n — Sy < 1/n




image101.png
Orciona caenyer, uro [[f(x) — f(x)ldz = 0, a, smaunr, u no reopeme
E

5 u3 sroro naparpada f(z) = f(x) n.s. na E. CieacrsueM cKa3aHHOrO

SIBJISIETCS] PABEHCTBO [ (T) = f(@) = f(o)ns. na E. A rak kak Fola)
u [ (z) nsmepumbl, To n dynkuma f(r) usmepnma na muoxecrse .
Teopema JloKazaHa.

.4, Unrerpas Jlebera na HeorpanuueHHOM MHOXKECTBE.

[Iycrs uzmepumoe muoxkectso E umeer Geckoneunyio mepy |E| =
+o00. Pacemorpum E = US By, taie E, usmepumnt u |E,| < +oo Io-
caejioBaresibocth { E, } HaspiBaercs ncuepnbisaomeit s .

Usmepumvas dynxmus f(2) na nsmepumom muoxkecrse F Geckoned-
HOii Mepbl Ha3bIBACTCsI CYMMUPYEMOii Ha 9TOM MHOXKECTBE, eCJIn OHa CyM-
MEpyeMa Ha JIIOOOM U3MEPUMOM MOJMHOXKECTBE KOHeUHOi Mepbl )y, C F
U CYIIECTBYET KOHEUHbIH 1pejied

n—r00
up_ By E

lim f(z)dmz/f(x)dm

HEe3aBUCUMO OT ]31)160})3, I/l(i‘l(‘,pII])IBaI()IIL(‘,]‘/'I ocJjieJ1oBaTeJIbHOCTH .
Bce ocnoBuble coiicTBa nHTEerpaJia Jlebera COXpPaHAIOTCA




image126.png
1. Teopema @younu. Murerpas Jlebera st MHOXKeCTBa ODECKOHETHOI
Mephl.

2. Ilycrs A— orobpaxkenue Merpudeckoro npocrpaucrsa M B cebst n
nycth BoinosHeHo nepasencrso p(Ax, Ay) < p(z,y) nag mobbix x,y €
M,l' 7é y. I/IMGGT JIL 9TO OTO6pa,}KeHI/Ie HENMOABU2KHYIO TOYKY M €CJin
UMeeT, TO eJIMHCTBEHHA JIN OHa?




image54.png
Teopema 11(treopema ®@y6unu). Ilycrs dynkuusa f(x,y) un-
terpupyema 1o Jlebery na npsimoyronninke P = {(z,y) : a < z <
be < y < d}, rorma qias nB. ¢ < y < d CymecrByer mHTErpas

b
J(y) = [ f(z,y)dz u pus n.. a < z < b cymecrsyer unrerpan I(z) =

d
[ f(z,y)dy , npuuem Gyukuus J(y) unrerpupyema na (c, d), a bynxius
c




image35.png
I(x) uarerpupyema Ha (a,b) u CnpaBeyIMBO PABEHCTBO
d b
[[ s@ists= [ sy = [ 1@
P c a

B obparnyio cropomy sta Teopema, BooOIIe POBopﬂ HesepHa. Ecin

Juis 1.B. ¢ < y < d cymecrsyer nnrerpan J(y f f(z,y)dx n poa n.s.

a < x < b cymecrsyer unrerpan I(z) = ff x,y)dy, npuuem dyHKIMSA

J(y) narerpupyema na (c,d), a (bym(ul/m I(z) unrerpupyema na (a,b)
M MMEET MECTO DABEHCTBO

/dJ(y)dy= /bl(x)dw,

ro dyukunust f(z,y) Moxker He ObiTh HHTErpupyema 1o Jlebery na npsi-
moyroabinke P = {(x,y) :a <2z <b,c <y <d}.




image156.png
.4, Uurerpasn Jlebera na neorpannieHHOM MHOXKECTBE.

[Iycrs uzmepumoe Muoxkectso I umeer Geckoneunyio mepy |E| =
+00. Pacemorpum E = U2 E,, tae E, usmepumbt u |E,| < 400 Ilo-
caejoaresbiocts { E,} naspiBaercs ncuepibisaomeil s E.

Usmepumas dynxmus f(2) na usmepumom muoxkecrse F Geckoned-
HOIl Mepbl Ha3bIBACTCs CYMMUPYEMOil Ha 9TOM MHOXKECTBE, €CJIH OHa CYM-
MUpyeMa Ha JII060M U3MEPHMOM TI0JIMHOXKECTBE KOHeUHOH Mepbl I, C F
H CyIIECTBYeT KOHEUHbIil IpeJiest

n—00
n
Up_ Ex

lim f(z da:—/f

HE3aBUCHMO OT BbIOOpPA MCUEPIBIBAIOIIECIH 10CIIE/I0BATEIHLHOCTH.
Bce ocnosubie cpoiicrBa nnrerpasa Jlebera coxpansiorest
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5.27. Ilycre f — € TIOJTHOIO _o npocTpaHCTBa
(M, p) B ceﬁxl rakoe uto p(f(z), f(y)) < p(x,y) mpu z,y € M, z # y. Umeer

JIA TaxKoe € BCerjga HenoaABMXKHYX TOYKYy, a ecJim mMmeeT, TO
BCeraga Jia oHa enm{c'rnenna?

Pemenne. Takoe _e He BCerjla MMeeT HeNOABMXKHYI0 Touky. Hampm-
Mep, e f(z) : R = R, f(z) = 2+ 5 —arctg(x) ynoBneTsopser ycnoBmio
3azlaud, OHaKo, ecyim f(x) = x, 1o arctg(z) = %, uT0 HeBO3MOXHO. [lokaxeMm, aTo
s oTobpaxenns f, YAOBIETBOPSAIOIIETO YCIOBHIO 3aJaud, HEMOABMXXHAS TOYKA
BCeraa €eMMHCTBEHHA. Jleﬁc'mm'remmo, ecyin I, Yy — AB€ PA3JINYHbI€ HENIOABMXHLIE
Toukn orobpaxernus f. To p(z.y) = p(f(z), f(y)) < p(z.y) — nporuBopeune.





image77.png
1. Merpuueckue npocrpancrsa. Teopema 0 BIOYXKEHHDBIX ITapax.

2. Boruucauts B npocrpatncrse C|0, 1] nopmy smueiinoro ¢hyukimo-

nasia f(x) = —x(1/3) + Oflx(t)dt.




image91.png
Omnpenenenne 1. Muooicecmeo M nasvisaemea mempuseckum npo-
CMPancmeom, ecau xkaxncdoti nape €20 INEMEHMOs T U Y NOCMAGACHO
6 coomeememeue neompuyamenvnoe wucao p(z,y), ydosaemeopaouwee
YCAOBUAM

1) p(z,y) = 0 mozda u moavro moeda, Kozda x =y (aKcuoma mosic-
decmea);

2) p(x,y) = p(y,z) (axcuoma cummempuu);

3) plx, z) < p(z,y) + py, 2) (akcuoma mpeyeorvnura).

10 unco p(x,y) = 0 HasbIBACTCA PACCTOAHUEM MEXKJLY JIEMEHTAMU
2 W Y, a NepeunCIeHHble TPH YCIOBUS — aKCHOMAMH METPUKH.

Omnpenenenune 2. Daemenm x mempuueckozo npocmpancmea M
HA3BLEAECTNCA andB./LOM nome()oaam(mmmcmu INEMEHTNOGC X1y X2y ey Ly oeny
ecau p(xn,x) — 0 npu n — oo. Hocaedosamervnocmy 2AeMENMOE
T4y L2y ey Ty oy U3 M masweaemes gynoamenmanvnot, ecau p(xy, Tm) —
0 npu n,m — oo.

Vreepxkaenne 1. Ecau nocacdosamervnocmo mouer {x,} mem-
puueckozo npocmpancmea M cxodumes x mouke x € M, mo u aobas
nodnocaedosamenvnocmy {,, } nocaedosamesvrnocmu {x,} crodumea
K 9moti olce mouke.

Ecin p(ay,,x) < e pnan = N(e), 10 u p(2n,, x) < € mius ng = N(g).




image24.png
VYreepxkaenue 2. [locaedosamenrvrocms movex {x,} mempuuecro-
20 npocmparcmea M moorcem cxrodumuvcea ne boaee wem K0OHOMY npe-
deny.

[lycrs x, — z n z, — y. Torga

p(r,y) < plo,xn) + ply, va) < €

pn jio6om € > 0 st 10CTATOIHO GOJIBIINX 7, HO 9TO BO3MOXKHO JIHIIIb
B cayuae p(x,y) =0, r.e. x =y.

Vreepxkaenne 3. Ecau nocaedosamenvnocmo {x,} mouex mempu-
weckozo npocmpancmea M cxodumes x mowke x € M, mo ama nocae-
dosamenvnocms ozpanuvena 6 mom cmuicae, 4mo wucaa Py, 2) ozpa-
Hunenvt dad moboti Purcuposannot mouwu z us M.

B caMOM JieJie, 110 akCuome Tprl"OJ’leVlea JLIEd JIIOGOFO n uMeem
Plan,2) < pla, )+ plz,2) <at plza) = K,

160 {p(2,, )} KaK CXO/AMAAC TUCTOBASL TOCIEOBATCILHOCTL O PAHH-
qeHa u,Cle0BaTesbHo, uucaa p(x,, ) He npeBocxoiaT HeKTOPOi mocTo-
siuuoit K.

Haszosem 1mapom (3aMKHYTBIM 1ApOM) € HEHTPOM B Touke a € M u
PaJIycoM I COBOKYIIHOCTBL TOUYEK NpocTpancrsa M, yjoBaeTBOPAIONNX
nepasencry p(z,a) < r (p(z,a) < r). Byaem obosnauars taxoii map
B(a,r) (B(a,r)). HazoBeM 0KpecTHOCTBLIO TOUKH JII06O{ 1IAP € LIEHTPOM
B 9T0ii TouKe. MHOKECTBO, JiesKallee NeJMKOM BHYTPH HEKOTOPOTO 1apa,
HA3BIBACTCS OrPAHUUCHHBIM.

[Iycrs jano muokecrso X Merputeckoro npocrpancrsa M. Touka
a € M wuasbiBaercsi MPeJIebHON TOUKOH 9TOrO MHOXKECTBA, €CJIU JIIO-
6asi OKPECTHOCTL TOUKH @ COJIEPIKUT XOTs ObI OJIHY TOUKY MHOMKECTBA
X\{a}, r.e. mnoxecrso B(a,r)N[X\{a}] e mycro aust moboro r. Muo-
JKECTBO, MOy YeHHOE MPHCOSIMHEHIEM K X BCeX €ro MpeJesibHbIX TOUEK,
HA3BIBACTCS 3aMbIKAHHEM MHOXKecTBa X 1 obosHadaercss X . MHOXKeCTBO




image79.png
HA3BIBACTCS 3AMKHYTBIM, eciim X = X. Muoxecrso X Ha3bIBACTCs OT-
KpbIThIM, ecan ero gonoanenne M\ X samxuyro. Muoxkecrso X naspi-
BaeTCs BCIOLY IUIOTHBIM B nipoctpancrse M, ecin X = M. Muoxecrso
X wHasplBaeTcsl HUIJIE He IUIOTHBIM B npocrpancrse M, ecsn Kaxiblit
Iap 3TOrO NPOCTPAHCTBA CIJICPKUT B cebe map, CBIOIJHBI OT TOUeK
MHOX)KecTBa X .

Omnpenenenne 3. Ecau 6 mempuveckom npocmpancmese M xaoic-
das Pyndamenmarvnai nociedosamesvHoCmy crodUmcs K HeKomopo-
MY NPEJEny, ABAANULEMYCA INEMEHIMOM MO20 JHCE NPOCMPAHCMEA, MO
npocmparcmeo M nazvieaemca noinvim.
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Teopema 1. (O BaoxkeHHbIx mapax). [Iycmo dana 6 noanom
mempuueckom npocmnancmee M nocaedosameavnocmy 3a.MEHYMOLT ULa-
pos, Gaoocennvx dpye 6 dpyea, (m.e. maxux,wmo xavncowi nocaedyio-
wudi wap codeporcumcs 6 npedwdyulen,), paduycol KOMopuT CMpemMamca
x nyao. Tozda cywecmeyem u npuvem eIUHCMEENNAA MOYKA, NPUNAOD-
NEINCAULAA GCEM IMUM ULAPAM.

JokazarenbcTBo. [lycrh pacemarpuBaembie mapbl Oy Ly T
B] (aly rl)v BQ(a‘la 7’2), () Bn(am 7‘71)7
[To ycioBuio Teopembl
Bi(ay, ) D Ba(as, 1) D ..By(ay, 1) D ...
Pacemorpum 110ci1e/10BaTesibHOCTb IEHTPOB 9THX IAPOB

ap,as,as,....
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Tak kak m c B,, 10 Qnip € Bylan,1). Tosromy planip, an) < 7.
CuepoBaresbHo p(@yp, @) — 0 IPH N — 00, T.€. NOCIIEJI0BATEIBHOCTD
HEHTPOB 1MAPOB SIBJAETCS (DYHIAMEHTATBHOM.

Tak Kak npocTpancTBo M MoJIHOE, TO 3Ta MOCTeI0BATEIHHOCTD CXO-
JuTCs K Hekoropomy npegeny a € M. Bosbmewm qo6oit map By, (ay,, ).
Torpa TOUKY Gy, Ay, Gy, ... TPUHAJIIEKAT ITOMY IIapy. B cuiny 3a-
MKHYTOCTH apa By (ay,, r,) npejeibHasi TouKa a 9TOi HOCJIeI0BATE b
HOCTH TAKXKe IPUHAKJACKUT By (an, 7).

JlonycTum, UTo CymecTByeT TouKa b mprHaiesKalast BCeM 1mapam n
orimuHast or a Tak, 4o p(a,b) =0 > 0. T.x. a,b € By(an, ry) 10

6 = pla,b) < p(a,an) + p(an, b) < 2r,
4TO HEBO3MOXKHO, 100 7, — 0 npu n — 0o. Teopema 1 jlokazana.
Bosuukaer BONpoc 0 CyHIECTBEHHOCTH B TEOPEME O BJIOXKEHHBIX 1I1a-

pax yCJIOBHs CTPEMJICHUSI K HYJIIO PAJMyCOB 9THX [IAPOB. DTO yCJIOBUE
JieficTBuTesbHO cymiectBennoe. Hanpuwvep, dynkims

1
1+_m+n’ m#n,
plm, ) =
0,m =n.

3a/1aeT METPUKY Ha MHOXKECTBE HATYPaJIbHBIX YHUCEJI. Dr0 IIPpOCTPAHCTBO
IIOJIHOE, HO B HEM I0CJIeJI0BATEJIbHOCTH 3aMKHYTHIX BJIO2KCHHbBIX ITIapOB

By(n, 1+ %) MMeeT 11yCToe lepecedcHue.

JIeHCTBATENLHO, TIePBBIE JiBE AKCHOMbI METPHKH IIPOBEPSIOTC TPU-
BrajibHo. Akcioma tpeyrodbhuka p(m,n) < p(m, k) + p(k,n) sasemo-
MO BepHa, eCJlli cpejin uuces m,n, k ectb ojpunaxkosbie. Ecin ke uncia
m,n, k pazmaansi, To p(m,n) < 2,p(m, k) + p(k,n), noromy rperns
AKCHOMA TaKKe BepHa.

DynaMeHTAIBLHOI TTOC/IeI0BATEIBHOCT B 9TOM MPOCTPAHCTBE MO-
ke ObITh TOJILKO CTallMOHAPHAs, HAUMHAs ¢ HeKOTOPOro HoMepa. 3Ha-
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1. CnoiicTBo o-amauTuBHOCTH Mepbl. MmuoxkectBa tnmna Fo un GO.
Mepa Jlebera-Crunrneca. [Ipumep nen3amepuMoro MHOXKECTBA.

2. dpasiercst sin komnakTabiM onepatop A € L(Ly(0,1) — Ly(0,1)), Az(t) =
t
Ja(t)dt?
0

~ | =
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YUT ITPOCTPAHCTBO IOJIHOE. Ocrajiocn 3aMEeTUTh, 4TO

1
By(n,1+ %) ={n,n+1,n+2..}
1109TOMY
1
m?f:an("w L+ _) = 0)'7

2n
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1. Teopema Bapa o kareropusx. Ilpunnun cxumaomumux oTodpaxe-
HUA.

2. Pemurs unrerpasbuoe ypasuenne B C[—, 7

™

f(z) = cos(4x) + A / cos’(z — t) f(t)dt.

—T




image129.png
Omnpenenenne 4. Muoocecmeo M naswvieaemcea muooicecmeom 1-
0l Kamezopuu, ecau OHo MOodHcem Obimb NPedcmasaeno 6 sude CYMMmoL
He boaee, weM CHEMH020 YUCAG Huz2de He NAOMHHT MHodcecms. Muo-
2CECTNBO, HE ABAAIOULECA MHONCECMBOM 1-01 Kame20puu, Ha3vi6aemes
MHodcecmeom 2-0t Kamezopuu.

Teopema 2.(Bspa o kareropusix). Iloanoe mempuueckoe npo-
CMpancmeo ecmbv MHOHCECTMEO 2-01i ramezopuu.

,ZlOKaBaTeJ'[I)CTBO. Hp(‘:J_LlIOJIO)KMM IIPpOTUBHOE 1 )_LOlIyC’l‘MM, qTO 1HOJI-
HOe HI)OCTI.)‘(],HCTBO l'[pe,[LCTaBI/IMO B BUJIe
S
X =U'_,M,,

n=
—

e M,, n=1,2,3,..., nurje He mwiorsl. Bozbmen map B(a, 1) ¢ nen-
TPOM B NMPOM3BOJILHON TOUKE @ W PajiycoM pasHbIM equnniie. Tak Kak
M, nuryze ne mwiorno, To Buyrpu wapa B(a, 1) naitgerca map Bl(ay, 1/2)
pajuyca 1/2, ne cogepxamuii Touek muoxkecrsa M. Tak kak MHOKe-
crBo M nurje ne mjaorno, to suytpu mapa B(aj, 1/2) naiigerca map
B(as, 1/3), ne conepxaiuii Touex muoxkecrsa Ma, u 1.

[Tosyunm mocsie1oBaTebHOCTL 3aMKHYTHIX 11apoB

B(a1,1/2), B(as, 1/3), Blas, 1/4), ...,

KaKJIblil 13 KOTOPBIX BJIOXKEH B IPEJbLILYIMH U PaJILyChl KOTOPBIX CTPe-
Msitest K Hyso. [pn srom map Bi(a,, 1/(n+ 1)) ne cogepxur touex




image149.png
muoxects My, Mo, ..., M. Ilo Teopeme 0 BIIO)KEHHBIX IIAPAX CYIIECTBY-
et Touka ag € X, npuHajyiexkanias BceM mapam. C ipyroit cTOpoHbI 9Ta
TOUKA G HE NPHHAICIKAT HI OJHOMY U3 MHOxkecT M, a, 3umadut, He
NpUHAXKJIEXKUT 1 Haremy npocrpancrBy X . Teopema 2 jokazana.

Teopema 3. (IIpuaiun ckuMaionmx orodbpakenwii). [Iycmo 6
noanom mempuneckom npocmparcmee M zadan onepamop A, nepecodi-
wud anemenmor npocmpancmea M 6 snemenmo, amozo oice npocmpan-
cmea. ITycmy, kpome mozo,

p(A(z), A(y)) < ap(w,y),

2de 0 < a < 1. Tozda cywecmeyem u npu mom eduncmeennas MmouKa
o maxaa, wmo A(xg) = xp. Oma mouka nazvieaemcs nenodeuscot
moukoti onepamopa A, a cam onepamop Ha3vi6aemes onepamopom Cica-
MUA.

Jloka3zarebcTBO. 3aduKcupyeM Mpou3BOJIbHLIA sjement x € M
u nonoknm xp = A(x), 29 = A(xy),..., &, = A(x,-1). dokaxkewm, uro
nocsieIoBaTebHOCTb {2, } dynnamenranbuas. st 9Toro, saMernm

plar, va) = p(A(z), Alar)) < ap(z, 1) = ap(z, Az)),

P22, 23) = p(A(21), A(22)) < ap(a1,22) = (Y2p(l‘,A(.’L’)), )
p(gjmwnﬁ—l) < CX”p(:L’,A(:L’)),

Haiee

P(Wm xn+p) < p($n7 1'71+1) + p(anrl’szer) + ...+ p($71+p—1, xnvLP) <

<(@"+a™ L a"P Y p(a, Adz)) =
a® — a,n+1 a®

= @, A@) < T—p(w, A@)).
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W3 s10ii onenkn cieyer, 9r0 p(Ty, Tnip) — 0 npn n,n + p — 00,
T.€. TIOCJIEIOBATELHOCTD {2y, } dynaamentanbuas. B cnity momnorst npo-
crpancrsa M cymecrsyer snement xy € M, xy = lim z,. Jokaxewm,

n—00

uro A(zg) = 2. B camom sesie
plzo, A(zo)) < p(2o, Tn) +p(2n, A(2o)) = p(x0, 2n) +P(A(Z0-1), Al20)) <

< P50, ) + ap(z 1, 30)
Ho npu 10ctarouno 6oabIuX 1 BHIIOTHAIOTC HEPABEHCTBA: P(Zn—1, To) <
€
2 p(xn, ) < =, cnesoBarennio p(xg, A(xg)) < € ist IPOUBBOIBLHOTIO
a
€ > 0 Hosromy p(zo, A(20)) = 0, a 310 03nauaer, uro A(zg) = xo.
JlokazkeM eJIMHCTBEeHHOCTD Heno/BHzKHOil Toukn. [Ipejnonoknm, 4To
CYUIECTBYIOT JiBa 3JleMenTa T, Yo € M, takue, uro A(zg) = o, Aly) =
yo. Torpa p(zo, yo) = p(A(z0), Ayo)) < ap(zo,Yo) a 970 BOIMOKHO IpH
a < 1 roabko B cayuae p(xg, yo) = 0. Teopema 3 nokazana.
[IpuHimn CKUMAIOMINX OTOOPAZKEHNH MOXKHO IPUMEHATD K HEJIMHEI-
HOMY MHTErPaJbHOMY yPABHEHHUIO 2-TO POjia

b
y(z) = A/K(t,x,y(t))dt + f(x),

rie K u f HenpepbIBHBI 1, KpoMe TOro, sijipo K yJI0BJIETBOPSIET YCIOBHIO
Jlummuna no csoemy "dyuknnonagbuomy " aprymenTy

|K(t,2,21) — K(t,z,29)| < M|z — 2.

B arom ciyuae juist orobpazkennst g = Ay nosmoro npocrpancrsa Cla, b
B cebs1, 3aaHHOT0 (HOMYIION
b
@) = A [ Kty 1 1(0)

a

nMeeT MecTo HepaBeHCTBO

max [g1(x) — g2(2)| < [AIM(b — a) max|y; (x) — ya(2)],
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e g1 = Ay, g2 = Ays. CrenoBatenbno, npu |A| < orobpa-

1
M~ a)
JKeHHe Oy/IeT CHKMMAIOIIIM.

Pacemorpum orobpazkenue A B n-mMepHOM npocTpaHcTBe B cebsi, 3a-
JlaBaemMoe CUCTeMOill JIMHEeHbIX ypaBHeH i

Y = Zaijzi +b,i=1,2,...,n.
j=1

Ecin A ecth cxxartne, To Mbl MOKEM TPUMEHUTH METOJ| HOCJIEI0BA~
TeJIbHBIX NPUOIMKEHUil K perienuio ypasienus r = Ax.

[Tpn kaknx xe ycnopusix A Oyzger ckarnem? OTBer Ha 3TOT BOINPOC
3aBUCHT OT BBIOOPA METPUKHU B IPOCTPAHCTBE,

a) IIpocrpancrso R ¢ merpukoii p(z,y) = max |z — yil.
<i<n

ply ,y)—lrgaglyz—yll—maXIZau —a5) <
n
maxZ|a”||a: ‘-| maxZ\a”\maxu :v;"|<
J

j=1
n
< (miaxz; |aij)|p(a", 7).
=

O’I‘C]O}L& ycjoBue C2KuMaeMoCTH

Z laij| <a<1,i=1,2,..,n.

b) Hpocrpancrso R} ¢ merpukoit p(z,y) = Y |z — yil.
i=1

n
Py =y — v =Y 1D @) —a?) <
i j=1
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n n
<D laglle} — a3l < (m?xz |aij)|p(a’, %)
i =1 i=1

OTC}O,U,‘(I, ycjioBue C2KUMaeMOCTH

n
Slagl<a<l,j=12..n
i=1
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1. Knacewt Lp, p>1. Hepasencrsa Tenbiepa 1 Munkosckoro.

2. Tlycrn
(I1—-s)t, 0<t<s,
K(s,t) =
(I1—t)s, s<t<l,

Haiitu cobcrBennble 3Havuenus u coOCTBEHHbIE cbyHKm/H/I oreparopa
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Iycts E - m3MepuMoe MHOKECTBO, YHCTIO P > 1.

Onpejesienne 1. MHokecTBO Beex m3MepuMbIX Ha E Qyrkuuit f(x). A1 KoTOphIX
(yHKIHH |f(x)|p cymmupyems! Ha E, Ha3biBaeTcs mpoctpancTBoM Lp(E).

Hopwma B npocTpasctse Lp(E) BBoguTcs no hopmy e ”f(x)"Lp(E)

=[], = (flreo|"dx.
E

Ecmun ||f(x) ||p =0, 10 f(X) ~ 0, MO3TOMY B 3TOM IPOCTPAHCTBE 3JICMCHTHI CUHTAIOTCS PABHBIMH,

€CJTH OHH 3KBHBAICHTHBIL. OCTAeTCs MPOBEPUTH AKCHOMY TPEYTOJILHHKA I TAKHM 00pa3oM
BBCIICHHOM HOPMBI. B ciryuae p = 1 310 04eBHIHO, B CiTyyau p > 1 CHaYaza JOKaKEM
HEPaBeHCTBO ['ebaepa. a 3aTeM HePaBEHCTBO MHHKOBCKOTO.

Ecmu p > 1, 4iCI0 ( CBA3aHO € YHCIOM P 1O (hopmyie

%+% =1,f(x) € Lp(E).g(x) € Lq(E), To dynxmms f(x)g(x) cymmupyema Ha E u cipaBeyiBo

HepaBeHCTBO 'ebaepa. _Hf(x)g(x) Jx < |f) ||LP(E)||g(x) ||LmE).
E

JIs 10Ka3aTeIbCTBA BBEACM B PACCMOTPEHHE HA MHOJKECTBE X > 0 (hyHKLHIO

@) =x" —ox, o€ (0.1). TTpomssoanas ¢ (x) =ox*" —a=a(x"" —1) QyHKuHH (x) 6obIIC
HyJis1 ipu X € (0,1) 1 MeHbIIe Hy st pu X > 1. CnegoBaTenbHO, PyHKIMSA @(X) JOCTHraeT
MakcHMyMa npH X = 1. 3anuiem HepaBeHCTBO @(X) < (1) B BHAC X* < OX +1— 0 M MOJ0KHM

a B
X = e rae a>0,b > 0. IToayuum cooTHomeHue a*-b'™* < oa +(1—0)b, CIPaBeTHBO 471 BCEX

1 1
yncen a=0,b>0.Ecmu a=—, 10 | -0 =—. B pe3yabrare BoiBeaeM HepaBeHCTBO FHOHra

a’ b <2y EA
P q
B cayuasx f(x) ~ 0 mwmn g(x) ~ 0 HepaBencTBo I'enbacpa oueBuano. ITycts f(x) #0, g(x) #0,
ol _ el .
MOJIOKUM A = ~.b= . B pesyabrare HepaBeHcTBO FOHra mpumeT B
leeoly el

o], Jeol
plfeol;  alleco]

e <[], ol

p
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IpaBas 4acTh COOTHOLICHH CYMMHPYEMa HA MHOKECTBE E, M03TOMY B CHITy Ma7KOPAHTHOTO
TpH3HaKa CyMMHpyeMa Ha E u neBas yacTs, 10 ecth Qynkuus f(x)g(x). MaTerpan ot GyHximm,
cTosimit B CKOOKAX B MPABO# YacTH, PAaBCH ¢AMHUIC. B HTOre HEpaBeHCTBO I ebacpa JOKA3aHO.

Ecn p > 1.£(x), gx) € Lp(E) . 1o dynxuns [f(x) +g(x)|" cymmnpyema na muosxectse E n

CIIPABE/1HBO HEPABEHCTBO MHHKOBCKOTO [[f(X) + &(¥) "me < ||f(x)||Lp © +e| .

Cy»vmpyeMocTs (yHKunmif [f(x) + g(x)|” BBITCKACT 13 0YCBHIHOTO HCPABEHCTBA

a+b|" <2°(a” +[b|"). cipaBeamuBo A moBBIX uncen a 1 b. TAKKe MBI OTMETHIIH

CIPaBeUTMBOCTh HEpaBeHCTBA MUHKOBCKOTO npH p = 1. [TpoBeaem A0ka3aTeIbCTBO A CIIydast
p > 1, Bocnosb3yeMcst HepaBeHCTBOM I enbaepa.

Ecmn f(x) +g(x) € Lp(E). 10 [f(x) +g() |”"q e Lq(E)
3anUuEM CHAYAA HEPABEHCTBO Ienbaepa, 3aMeHuB (yHKLmO g(x) Ha |f(X) + g(x)|'°'/q,
[IEco]le0 + g0 dx < e

E

69 + 29[, [[e9 9 +e09]"dx <0, JF0 + 20|

1 [If) + 209 ||M . a 3areM f(x) Ha g(x).a g(X) CHOBA Ha
P(E) Lo(E)

”CIIOJIB'S.V}I BBIBCACHHBIC COOTHOILICHHA B CHCH_V}OH.[Cﬁ LCMOYKC HCPABCHCTB

69 + e 5, = [IF9 + 29[ dx < [ 9] +|eo [l + 9] dx <
E E

ILPIE) J|f(x) +o| t:w) VuHTHIBas PaBEHCTBO p—E =1, U3 BBIBECHHOM OLICHKH

<l +le

NOJTyYHM HEPABEHCTBO MHHKOBCKOIO, KOTOPOE M MOATBEPIKIACT CIPABEATHBOCTh AKCHOMBI
TpeyroabHuka B mpoctpancTse Lp(E)

IMocnenoBaTeabHOCTH { f } 3IEMCHTOB HOPMHPOBAHHOTO MPOCTPAHCTBA HA3BIBACTCS
(pyH1aMeHTa b HOM, eCH uKCI0Bas nocaca0BaTeabHOCTS |If, —f, [ crpemuTes k Hy MO Mpn
m,n — oo . [Toc1e10BaTeMBHOCTS { f, } 21eMEHTOB HOPMHPOBAHHOTO MPOCTPAHCTBA HA3BIBACTCS
CXOAAMICHCS, CCTH B 3TOM MPOCTPAHCTBE CYIICCTBYET IEMEHT f TaKOi, 4To x1‘1113||f . —f]=0.

Onpesesienne 2. HOpMHPOBAHHOE MPOCTPAHCTBO HA3BIBACTCS MOITHBIM(OAHAXOBBIM), CITH

mobast
(D)yHAAMCHTAIBbHAS TOCICAOBATCILHOCTD B 3TOM IPOCTPAHCTBE SABISICTCS CXOISMLUIHHCS.

Teopema 1. ITpocrpancteo Lp(E),

E‘ <+4o00,p 21, ABIACTCS MOTHBIM(OAHAXOBBIM)
MPOCTPAHCTBOM.




image55.png
A= (a,b), |Al=b—a

Omnpegnenenne 1. [oxpsimuem mrooicecmea E na3piBaeTcs KOHEUHAS WA
CUETHAs CHCTEMAa WHTEPBAIOB, 00beINHEHIHE KOTOPHIX COmepKuT F.

s(E): EC DA"

n=1

Jlruna nokpwmus s(E):

a(s) =Y 1Al

Brewmnsas mepa muoxectsa E:

E|* = inf o(s
B = inf o(s)

Buemmnga mepa me obsagaer Hu KOHEYHOM, HU CIETHOH aITUTUBHOCTHIO.

CaoiicTBa BHeTIHEH MepbI:
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10.15. ITycrs
(1-9)t,0<t<s,

(1-t)s,s<t<1.

KGs,0) = {

144

HaiiT co6cTBeHHBIE QYHKIMA T COGCTBEHHEIE 3HAYEHUS oneparopa A €
L(Ls[0,1), L2[0,1]), Af(s) = [, K(s,t)f(t)dt.




image67.png
Pemenne. Umeem

8 1}
Ag(s) = (1—s) /0 tg(t)dt + s / (1 — t)g(t)dt.

Ecmm ¢ysxuus g € L»[0,1], To Ag € C[0,1] B crity aGCONIOTHOM HENPEPLIBHOCTH
unTerpaiia JleGera. Tax kax omepaTop A 3amaeTcs COGCTBEHHBIM HHTETDAIIOM,
3aBucAImMM OT mapamerpa, To Ag € C1[0,1] npu g € C[0, 1], mpuuem

(Ag)'(s) = / g(t)dt — / tg(t)dt.

s 0

Ananornuno nomywaem, uto eciu g € C1[0,1], To Ag € C2[0,1] n
(Ag)"(s) = —g(s)-

Paccmorpum Temeps ypasrenme Af = Af. CormacHo ckazaHHOMY Bhie, f €
C?[0,1] m

Af"(s)+ f(s) =0

YunrsiBas, 9To Bee pemienus ypasaenus Af = )\ f ynosnersopsior ycnosusaum f(0) =
f(1) = 0, monyuaem, uro ypapnerne Af = \f uMeeT HeHyJeBble DEIIEHUS <>
Ak = ;,17;, k € N u mns 3TuX \ pellleHns: ypaBHEHNs MPONOPIMOHATLHEI QYHKINH
fr(x) = sin(wk).
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1. ITosimora npocrpancTsa Lp.

2. Haiiru nopmy u cnexrp oneparopa A € L(ly — 1), A(x1, x2, 23, ...) =
(1132, T3y ooy Ty )
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Onpenesienne 2. HopMHPOBAaHHOE MPOCTPAHCTBO HA3BIBACTCS MOTHBIM(OAHAXOBBIM), CITH
modast
(D)YHIAMCHTAJIBHAS TIOCTICI0BATCIEHOCTD B STOM NMPOCTPAHCTBE ABIACTCS CXOISAIIUHCS.

Teopema 1. TTpoctpanctso Lp(E). |E| < +o0.p > 1. sBsieTcst mOTHBIM(GAHAXOBBIM)
TIPOCTPAHCTBOM.

JokaszareancrBo. [Tycts {f, (X)} - npon3BoibHAs (DyHIAMCHTATBHAS
nocneaoBareabHOCTh B Lp(E). Jns moboro HaTypamsHOTO yncia k cymecTByer Homep




image113.png
. 1
10, TAKOH, YTO /I BCEX M >N, N >N, BBINOJHACTCA HEPABEHCTBO ||fm —f, " < o MoxHO

1
CYMTATh, YTO N, <N, <N, <..., TOrJa ||1‘HH ®-f, " < TR B cuny nepasenctsa I'enbaepa:

[

E
W3 31010 COOTBETCTBHSA CJICAYCT OLCHKA

>

k=l E

1 I
£ 09, <], 096, 0 {[17ax) < STfE"
E

£, 0-f, (x)|dx < |E‘l qi% = |E|l'q , KOTOpAs TIO CIICACTBHIO [T PAIOB K TCOPEME
k=1

8(Bb.JIeBn) u3 §4 rapaHTHpPYET CXOAMMOCTb OYTH BCIOAY Ha E psaga z f,, -1, (x)‘ H TEM
k=l

Oonee psaa
®
f, ® +Z[f o, 1, (x)]. Ho 310 03HauaeT, YTO Kakas TO YACTHYHASA CyMMa 3TOrO psja,
k=]
paBHas f, o, (X) . cxozmuTes mouTH BCroay Ha E k HekoTOpO# (yuxunnm f(x). Jlanee, ans modoro

€ >0 cymecrByer Homep N Tako#, 4T0 A1 BceX HOMepoB M > N,n, > N BBINOJHACTCA

HEPABCHCTBO ™ -f, (x)J CXOAUTCS

£, (0 —-f, “ <&, a MOCKOJIbKY MOCJICI0BATCILHOCTD lf
P

noutH BCroAy Ha E k (yHKunu lf e (x)J npu k — oo, 170 1o Teopeme 9(Pary) uz §4

lf a(®—f (x)Je Lp(X) u BBINOJIHACTCS HEPABEHCTBO ”f n(®=f (¥ ” <e amBcex m=N .
P

OTcroa B CHITy HEPaBEeHCTBA MHHKOBCKOTO CJICAYET MPUHAMICKHOCTD (DyHKIMHU f(X)

npocrpancTBy Lp(E) 1 cxomumocTs nocieaoBareabHocTH { f, (X)} k (yHkumu f(xX) B MeTpuke
Lp(E). Teopema noka3ana.

W3mepumas (pyuxuus F(x) Ha m3mepumoM MHOKeCTBE E HA3bIBACTCSI MPOCTOM, €C/H OHA
NPHUHUMAET He $0JIee YeM CUCTHOE YHCIIO PasTHyHbIX 3HaueHuil f(x) = C, . npu x € E,, npuuem
C, MOKeT OBITh paBHBIM + o0 . XapakTepuCcTHUCCKOI (yHKImeH MHOKecTBa E Ha3piBacTCst
I.xeE

DY HKLUHST X) = .
) xe (X {O.XEE

OueBHIHO, YTO BCsikask mpocTas (ynkuus f(x) umeer Bua f(x) = ZCKXE (X) .MpHYEM B ITOMH
k=1

CyMME NPH KaXIOM X OTJIHYHO OT HyJIS JIMIIb OTHO ClaraeMoe. SICHO, uto (yHKums
7% (X) H3MEpHMa TOTZA H TOJBKO TOT/A, KOTJa MHOKECTBO E-H3Mepumo.

H3mepumasn (yukums F(x) ma m3mepuvoM MHOKeCTBE E Ha3pIBacTCs MPOCTOM, eCltu OHA
NPHHAMACT HE 00JIee YeM CUCTHOE YHCIIO pasmmuHbix 3HaueHui f(x) = C, , npu x € E, | npuuem
C, MOKeT OBITh PaBHBIM * o0 . XapaKTepHCTHUCCKOM (hyHKIHCH MHOMKeCTBA E Ha3bIBacTCA
I.xeE

(ysiant 7 () = {O.X ¢E’
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Ouesn O, uTO BesKas mpoctas (ynkuus f(x) mveer Bua f(x) = > C,x; (X) .prem B 310k
k=1

CYMMe TPH Ka’KI0M X OTTHYHO OT HyJIsl JIHIIb OHO ClaraeMoe. SICHO, uTo (yHKims

% (X) M3MEPHMA TOTIA H TOJIBKO TOTAA, KOTIA MHOJKECTBO E-H3MepHMO.
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10.3. Ol;rpene.ﬁ'rb HOpMY u cexTp onepartopa A : l — by, ecom

A(:B1,:L‘2,w3, oo ) — (a':g,:v;;, coe )

Pemerme. ||Az|| < ||z]|. C apyroi cropoms, ||Az|| = ||z|| mpm z1 = 0 (z =
(z1,2,...)), orcioma ||4|| = 1.

IMocnenosarensroCTs T = (1, T9, ... ) ABALETCS HOPMAILHEIM peme'nem ypas-
HeHms AT = A\Z TOT/Ia M TONBLKO TOTMIA, KOT/Ia OHA Tponopmmonambaa (1, A, A%,...).
Tak xax (1,\,A2,...) €l <= |A| <1, 10 {|A| <1} C 0(A). C npyroit cTopoms:,
wmcna A\ : |)\| > 1 perymsapast (cornt. yrs.3). Takmm oGpasom, MHOKecTBO |A| < 1

ABNIAETCS M onepaTopa A B CHITy 3aMKHYTOC a.
Ormernm, uto mpm |A| = 1 o6pa3 onepatopa A — AE Bciony mioren B ly, Tak
KaK CONepXMT Ga3nCHbIe BEKTOPHI €; (j- KOOp/IMHATA pPaBHA ., OCTRIILILID

xoopz'naru paBHBI Hymi0). JlelicTBuTeNILHO, € c:la zj = (—;,—,-—r, & i)

10 (A—\E)(z;) = e;. loaromy MEOXecTBO |A| = 1 06pa3syeT HenpephIBH
oneparopa A.





image137.png
1. [InoTHOCTH MHOXKECTBa HelpepbIBHLIX GyHKIwi B Lp. Henpepois-
HOCTH B MeTpuKe Lp.

2. Omnpesenuts crektp oneparopa Axz(t) = tx(t) B npocrpancrse

Cla, b].
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Jlemma 1. s m000# Ha H3MEPHMOM MHOsKeCTBE E HEOTpHIATEIBHON H3MEPHMOi
(ynkuuH f(X) cymecTByeT HeyOBIBAIOIIAs MOCICA0BATEIBLHOCTD { f, (X) } MPOCTHIX

HeoTpHuATeabHBIX (yHKkimit f, (X) Takux, 4ro Eg f, (%) =f(x) B kakn0it TOuKe X MHOXKECTBA E,

TIPHYEM CXOIMMOCTh PABHOMCPHAsI HA MHOJKCCTBE KOHCUHBIX 3HA4YCHHH (yHKumH f(X).

JlokaszaresieTBO. BBE1EM B pACCMOTPEHHE MHOKECTBO E‘k") = E{ZL <f(x) < 1\2+ l:|,

n=12..k=012..E = E[f(x) = +oo]A SICHO, YTO TPH JTFOOOM HATYPAIBLHOM N MHOKECTBO E
TPEACTABUMO B BHIC OGLC,HP[HCHI/UI TIOMAPHO HE MCPECCKAOIIUXCS MHOKECTB
® k
= {UEE‘)} VE,. Onpenemnm f, (x) caeayromum odpasom: f (X) = o eCIU X € EE:‘), ecu
k=0
f,(¥) =nna E,. Ilpu nepexoze ot n k (n+1) muoxkectso B = £ U £V, Tak kak
{k k+l] [ 2k 2k+1] [2k+1 2k+2

o Lo 2k+1 Kk 1
7f ,(X), aHa nglll) fxnl(‘\):F:? 2n+l

|u+1)

] Ha muoxectse E;." BBINOIHACTCA PABEHCTBO

—=f,(%) + l >f, (%) . Kpome

. 1
3TOTO CripaBeTHBO HepaBeHCTBO 0 < f(X) - f, (x) < 2—":um Bcex Touek X € E\E . Jlemma

JI0Ka3aHa.

Caeancrue. ITocaeoBaTebHOCTD {g, (X)} , B KOTOPOit PyHKIMH g (X) ONPEACIAOTCA
1,(x). [, (x)<n,

no opmyne g, (x) ={ 0 f (¥) > n

obnagaet cBoiicTBoM: lim g, (x) = f(X) A1s m060H TOUKH
prares

m(n)

xek, g,(x) = Z(‘kzﬁk (x) . HO paBHOMEpHO# cxomumocTH Ha E\E| MosKeT u He ObITb.
k=1




image128.png
Teopema 2. ITycts E-orpannucHnOC H3MEpHMOE MHOKECTBO, p >1. Toraa
TpOCTPaHCTBO HenpepsiBHBIX HA E ¢yukuuit C(E) miorHo B Lp(E).

Joxrasare/berso. Heodxoammo gokasare, uto A modoii Gynxkuun £ (x) € Lp(E) u ans
moGoro uncma & >0 maiizercs nenpepssnas v E ymxumsa ¢(x) Taxas, uro |f(x) — (/)(x)"p <e.

Tak kak f(x) =f"(x) —f (X), TO TeOpeMy AOCTATOYHO A0KA3aTh Ay cayyas [ (x) >0.
IpuxaanexHocTs f(X) kmaccy Lp(E) o3nauaer, uto GyHkuust f(X) mouru Bcroay koxeuna Ha E u
MHOKecTBOM E| = E[f(x) = +oo] MO>KHO IpeHeOpeyb. B cuity caencTsus k nemme 1 cymectByer
HEyOBbIBAKOIIAs TTOCIEI0BATCIBHOCTD {f N (x)} MPOCTBIX HEOTPULATEIbHBIX (hyHKumMH f, (X)
TaKHX, YTO 1‘121 f,(x) =f(x) € Lp(E). [Toatomy cornacxo Teopeme 7(A. JleGera) u3 §4 s

moboro &> 0 Haiiaercs Homep N Takoif, 4To A BCeX N > N BBINOIHACTCS PABEHCTBO
[If, 9 — )], < & . Taximm 0GpasoM, A0CTATOMHO YCTAHOBHT CYIUCCTBOBAKE ()YHKUHH

@(x) € C(E), ya0BICTBOPAIOMIHI 17151 MOOOT0 € >0 HCPaBEHCTBY
IFs 0 = (p(x)"P <&, i £,(9) =D C, 7, (x) -TPOM3BOBHAL TPOCTAS ()Y HKLIHS, MPHHAMAIOLIAS
k=1
KOHEUHOC YHCIIO 3HAUCHHIA.
Jlnst KaKaoro MHOKeCTBa | CyliecTByeT, coaepikameecs B HeM 3aMKHYTOC MHOIKECTBA

F, . u Takoe, uro |Ek \Fk| <&}, Tae &, -modoe MOTOKHTCIBHOC YHCIIO. [TpH 3TOM BBINOHACTCSI

E, \FL|”“ <, . O603HaunM uepe3 1,(x) = p(x, F,) -(yHnkuuro

COOTHOLICHHE ||X|-:\ (S (X)" =

N
paccTosiHusA OT TOUKH X € E 10 MHOsKkecTBa F, . SICHO, uTo (hyHKUMS T, (X) ABIACTCA HCMPEPHIBHO
Ha E. XapakTepHCTHUECKY O (DYHKIMIO MHOXKECTBA I, MOKHO NMPEICTABUTh B BHIC

1 I.xeF

(n) (n) _ —
1+ nr (x)

Zr, () =limg" r1e " = F - HocnesosarebHOCTS {q),i"’(x)} He
o "

1+nr,(x)

BO3PACTACT C HOMEPOM N, TPHYEM CIPABEITHBO COOTHOILICHUE ‘Xr x) —<p{,“’| <1, uBcuay

Teopemsl 7(A. Jlebera) u3 §4 OyaCT BBINOTHATHCA HEPABCHCTBO “Xﬁ ) —‘Pxi")" <g.,ecmmn-
b

BEIHKO. 3aMeTHM, 4TO Bee ¢y (X) HempepbiBHBI Ha E 1 Jae Bo BceM R .
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1. By C By => |E1|* < |E'2|*
70T BaKT caeayeT u3 TOro, uTo ai0boe mokphiTHe Fy OyaeT omHoBpe-
MEHHO SIBIATHCS MOKPBHITHEM U [7Tst F.

9. E= ) BEn= |E <3 |E".
n=1 n=1

Joxka3areabcTtBo. Pukcupyem npoussosbhaoe € > (. [lo onpejenennio
Mephl KaK TOYHOW HUYKHEH IpaHu, JJis JI0O0ro HOMepa n Haiijaercs
nokpeitue s,(E,) maoxkecrsa F, cuctemoit maTepsanos {A}} takoe,

qTo
¢S]

€
S IAY < | B+ TR
k=1
(oo}
Pacemorpum s = |J $,(Fy). $ sBAZETCS MOKPBITHEM MHOXKECTBa F,
1103TOMY =
(oo} foe] foe] c o o]
E[" <o(s) <Y D IAY <Y (1B + ) = > B +e.
n=1 k=1 n=1 n=1

Yerpemus € k 0, noxydnm Tpedyemoe HepaBeHCTBO. [
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Jlanee, onpeneuM QyHKIHIO @(X) = ZquJt,“)(x) . CnipaBeiBa LETIOYKA HEPABCHCTB!
k=1

I X - @, < ;'Ckm‘xﬁ - (pEU“p +||xEk - X(Fll)"p)s kZ;2|Ck|sk <&, MOITOMY &,

£ 1ot
JI0CTaTOYHO BHIOPAT W3 HEPaBEHCTBA 0 < &, < Fl( +| - Teopema aoxasana.

Teopema 3. (HenpepsiBHocTb B MeTpuke Lp). ITycts E - orpannucHHOE H3MEpHMOE
MHOsKECTB, p = 1. Toraa modas Gpynxuus f(x) € Lp(E) HenpepeiBHa B MeTpuke Lp, To ecTb ayist
modoro € > 0 HaiineTcs yucao & >0 Takoe, YTO CIPABEATHBO HCPABCHCTBO
[Ifex +h) — t‘(x)||p <e. ecan |h| <5, a ynxums f(x) cunTaeTCs MPOJOIKEHHOM HyIEM Ha Bee

nMpOCTPaHCTBO R .

JoxkaszaresmcrBo. [Tycts MHOKecTBO E coaeprkurcs B mape B (R) paxuyca R ¢
LEHTPOM B Touke X = (0. 0603HaunM E, =B (R +1) 1 Bocnmons3yemcs Teopemoii 2. Toraa as
moodoro € >0 cymecryer ¢(x) € C(E,) u qaske no 3aMEHAHHIO B TCKCTE

noxasarenbeTBa o(x) € C(E, ) Takas, uro [f(x) —(p(x)||Lp(E < % Tyers |h| <& <1,Torza npu

xeEToxke X +heE, ncnpapeainpa uenoyka HepaBeHCTB:

||f(x +h')—f(x')|| < ||f(x +h)—p(x +h')|| +||(/)(x +h) —(/)(x')“ +||f(x) —(/)(x')"

Lp(E) <
-1/
elE”
3
JIOCTATOYHO MAJIBIX 3HAUCHHAX h HMEET MECTO B CHIIy PAaBHOMCPHOIT HCMPCPHIBHOCTH

Lp(E) Lp(E) Lp(E)

IC(E) TpH

< % +otx +h) — )| |E|'"" +% <& . HepaseHctso |lp(x +h) - q’(x)"cuf» <

HenpepsiBHOH Ha Ei ynkunn ¢(x) . Teopema nokazaHa.
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10.4. Omnpene/mTs - - Az = tz(t) B mpocTpaHCcTBe
Clo,al.

Pemennme. Ecmu Az = Az, 1o z(t)(t — A) = 0, moaromy z(t) = 0 B cuy
HempepuiBHOCTH z(t). 3HauMT TOWeuHEl crexTp orcyrcTByer. llpm A € [0,q]
obpa3 onepatopa A — AE comepxurcs B coG6cTBeHHOM mommpoctpancTee {y(t) €
C[0,a],y()\) = 0}, mosToMy 3TH TOUKM NPUHAAIEXAT OCTATOIHOMY crekTpy. Ilpm
A ¢ [0,a] oneparop R, (y) = ilﬁ% ABJISI€TCS OTPAHMYEHHBLIM, TIO3TOMY CIEKTD COB-
namaet ¢ orpesxkom 0. al.
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1. Jluneinble HOpMUPOBaHHBIe TpocTpaHcTBa. Teopema Pucca.

2. Bysier jin MeTprUUYecKUM MPOCTPAHCTBOM MHOXKECTBO TOUYEK Ha, TPsI-
MO, €CJIi paccTosiiue MeXK/ly HUMU BBecTH 110 (hopMyJie

plz,y) = (|lz —y|)'/*?
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Omnpenenenune 5. [lycmo X — aunetinoe npocmpancmeo nad noiem
DedicmEUMessHbLT UAU KOMNACKCHOLT wuces. Imo npocmpancmeo X na-
BULGACTNCA AMUHCTHVLM HOPMUPOGANNBIM NPOCMPANCINEOM, €CAU KAAHCO0-
my anemenmy x € X nocmasaeno 6 coomeememeue Jeticmeumentoe
wucao ||z|], nazvieaemoe nopmoti smozo saemenma, npuuem GuNOANEHLL
caedyrougue arcuomoL:

Dzl =0, [z =0 <= =0,
2) Azl = Al
3) Mz +yl <zl + llyll

dasa mobwvix saemenmos x,y € X u 4100020 wucaa A u3 noa.

Omnpegenenue 6. Tocacdosamenvrocms anemenmos {x, } aunetino-
20 HopMuposannozo npocmpancmea X nazvieaemcea dyndamenmanvnot,
ecau ||z, — x| = 0 npu n,m — oo. Hocaecdosameavrnocmo anemen-
moe {x,} auneiinozo nopmuposannozo npocmpancmea X nasvsaemca
crodswetica k anemenmy x € X, ecau ||z, — x| = 0 npun — oo.

Omnpenenenne 7. JTunetinoe nopmuposannoe npocmpancmeo X na-
sweaemes noanoim (Banazoswm), ecau aobas ez2o dyndamenmanvias,
n0CACIO6AMENLHOCTIVY ABAACTNCA CTOOAUETCA.
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Omnpenenenune 8. Jlunedinoe mnozoobpasue L aunetinozo nopmupo-
6aHH020 npocmpancmea X Ha3vi6aemc nodnpocmparcmeom, ecat MHo-
oicecmeo L 3amrnymo ommocumenavho crodumocmu no mopme.

TpeTbﬂ aKCHOMa HOpPMbI Ha3bIBaeTCd HepaBeHCTaOM TpeyroJibHUKa.
U3 nero BoiTekaer HEPaBEHCTBO

Mzl =yl < fle = yll,

OTKYyJla CJIe/lyer, || = 2| econ z, — 2

Teopema 4(teopema Pucca). I[Iycmo L— nodnpocmpancmeo au-
netinozo nopmuposannozo npocmpancmea X, L # X. Tozda das aob0z20
(0,1) cywecmeyem saemenm y € X\L,|y|| = 1 u maxod, wmo

|z —y|| >1—¢ dan 6cex x € L

Joxka3zareabctBo. DukcnpyeM npoussoabubiii snement o € X\ L
u obosnauum d = in£ lvo — z|. Torma d > 0, u6o ecin d = 0, T0
T€

Yo = limLa:n u Yo € L (B Bugy samknyroctn L), uTO HEBO3ZMOKHO.
Tp€

Jlns moGoro £ > 0 cymecrsyer snement g € L takoit, uro d < |lyo —

-
2ol < d+ de. Tlonoxkum y = M, y He upunaiexRurT L, T.K. B
llvo — ol
NpOTHBHOM ciiydae u Yo € L, uro nesosmoxkno u |y|| = 1. Honoxum
2=+ |yo — zollz, 2 € L u
Yo — To llyo — =l d €
yorm | el 4 e
llgo — ol llyo — woll ~ d + de lte

TGOpeM a JIOKaszaHa.

[Tpumepnr:
1) R™ — n-MepHOE eBKJIMIOBO IPOCTPAHCTBO— GAHAXOBO POCTPAHCTBO




image116.png
C HOPMOIi
n

1/2
_ 2
lall = (> at) ",
k=1
e = (21, X, ..., Tp).
2) C0, 1|~ npocrpancrso HenpepbiBubix Ha orpeske [0, 1] dyukiuii
¢ OOBIHBIME ONepPAIIAME CIOKeHns (PYHKIWI 1 YMHOXKCHUS Ha THCIIO.

Hopwma [|z]| = max |2(¢)| B 3romM npocrpancTse oTBevaeT paBHOMEPHO
tef0,1]

CXOAMMOCTH nocieoBaresnpuoctn gyuknmii, nosromy C|0, 1]~ 6anaxoso
IIPOCTPAHCTBO.
3) Ly(E),p > 1, |E| < co- 6anaxoBo mpocTpancTso ¢ HOpMoil ||z|| =

J

1/p
( w(t)|pdt) B cuity Teopembl 1 u3 naparpada 5.
E

4) Anajioruaso [~ npocrpancTBo nocieoarebiocreil = (1, Ta, ...

X, 1/p
¢ nopwmoii ||z = (E |wk|pdt) sABJIIETCsl DAHAXOBLIM [POCTPAHCTBOM.
k=1
2) C"™0, 1]~ npocrpancrso dbyHKIMii HMeIoIIee 7m HelnpepbiBHBIX 1PO-
m
usBoaHbIX Ha orpeske [0, 1] ¢ nopmoii ||z| = 3 max |2 (t)| asnsercs
k=0 t€[0.1]

DaHAXOBbIM IPOCTPAHCTBOM.




image50.png
1. Jluneiinble onepaTophbl U WX cBoiicTBa. TeopeMa O TOJHOTE TPO-
CTPAHCTBA JUHEHHBIX OTPAHUIECHHBIX OMEPATOPOB.

2. TTyers A orobpaxenne C[0,7/2] — C[0,7/2], neiicryiomee 1o

dopmyie
/2

Az =\ / cos(t + y)x(s)ds + sin t.
0
[Tpu kakux A orobpaxkenue A OyjeT cKUMAarOIUM?
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Myctb X 1 Y — nuHeliHble HOPMUPOBAHHBLIE NPOCTPAHCTBA Haj Monem
AeﬁCTBVITeJ'IbeIX Unun nonem KOMMMIeKCHbIX Yncern.

Onpepenenune 1. OmobpaxeHue A:X—Y (y = Ax), mo ecmb onepamop A,
onpedensemsbili Ha X ¢ obnacmbio 3Ha4eHul 8 Y, Hadbieaemcsi NIUHeUHbIM
onepamopom, ecnu 055 nmobbix 311EMEHMO8 X, X, € X U M0boeo Yucna A cnpasednusbi
paseHcmea:

a) A(x,+x,) =AX, +AX,,

6) A(Ax,)=AAx,

Onpepaenenue 2. Onepamop A:X— Y HenpepbieeH 8 moyke x, e X, ecnu onsa
moboli nocnedosamenbHoOCMU {x "}, cxodawetics K x,, coomeememeyrowast
nocnedosamernbHOCMb 06pa3oe {Ax,} cxodumcsi K anemeHmy Ax,, mo ecms 01s

06020 £>0 cyuiecmeyem 3 >0u Makoe, 4mo Kak MoJsibKO 8bIMOHIEMCs
HepaseHcmeo [x, —X,|, <8 6ydem ebinonHambcs HepaseHcmeo ||Ax, — Ax,|, <&

TeopeMa 1. /TuHeliHbili onepamop A HenpepbiseH Ha 8cem npocmpaHemee X
moea0a u monbko moeda, koeda A — HerpepbleeH 8 00HOU Moyke X, € X.

[okasaTtenbcTBO. [leiiCTBUTENLHO, NYCTb Xe X — Miobas Touka n x, — x. Toraa
X, —X+X, =X, 1 B BUAY HENPEPbLIBHOCTU A B TOUKE X,: AX, = lim A(X, —X +X,) =

n-—>w

lim Ax, — Ax + Ax,, T0 ecTb lim Ax, = Ax.

n-w nox




image72.png
Mpumepsi:

1) A=0 unu A=I (TOXXQeCTBEHHbIN ONEPaTop) NMMHENHbIE HENPEPbLIBHbIE ONEPATOPbI.
2) X=C[0,1], ||x(!)||r :nm|x(r)|,

1e[0,1]]
Onepatop A, aencTeyeT u3 X Ha YncnoByio npsamyio Ry no 3akoHy Ax(t) = x(0).

PaccMoTPUM HenpepsIBHOCTbL A B Hyne [x, (-0, — 0, umm |x,(t)|, = 0npu n—> .
Torga |Ax, - 0f, =[x,(0)—>0, Tak kak

cxoammocTb Kk Hynto no te [0,1]. CnegosartensHo, onepaTop A — HENPEPbIBEH.
3)MNycTb TENepb HOpMa Ana onepatopa A U3 NyHKTa 2) BBOAMTCA No hopmyne

X, (V)] — 003Ha4aeT paBHOMEPHYIO

1

||x(t)||L] = ﬂx(l)|dt. PaccmoTpum NocnefoBaTensbHoCTb {X, (1)}, KOTOpas BbIMMCAAETCA MO
0

3

cdopmyne xn(t)=n—(i,—lj, te {0%} x, (=0, te (%1} B atom cnyvae

2 \n” n n

[x,©—0], =[x, )|, -1 —0,npn n—>w0. Ho |[4x, (1) - 0|, =|x,(0)=n He cTpemuTcs k

. ' 1 s

0, To ecTb onepaTop A He IBNAETCA HENPEPbIBHbIM.

Onpepgenexnune 3. Onepamop A Ha3blgeaemcsi 02paHuUYeHHbIM, ecrnu
cywecmeyem nocmosHHasi M makasi, ymo ouerka |Ax|<M]x| esinonHsemes ons ecex

xeX.




image53.png
OrpaHuy4eHHbIi oneparTop NEPEBOAUT OrPaHNYEHHOE MHOMXECTBO NPOCTPAHCTBA
X B OrpaHM4eHHOE MHOXECTBO NpoCTpaHcTea Y.

Teopema 2. [Jnis moao 4ymobbi nuHeliHbili onepamop A 6bii1 HENpepbIseH
HEobxo0umo u 0ocmamoyHo, Ymobbl A bbii1 02paHUYEH.

Heo6xoaumocTb. MycTb A — HenpepbIBEH, NPEANONOXUM A — HEOTPaHUYEH.
Toraa CyLUecTByeT NoCneA0BaTeNbHOCTb {x, }, ANIS YNIEHOB KOTOPOW BLINOIHSAETCS

HepaBeHCTBO [|Ax, || > nlx,|. Monoxum &, =——

L&, —0,TaK kaK ||§||— .Ho
nj|ix

n

[4&,)= ‘|‘| He cTpemuTbes kK A0 = 0. CneaoBaTernbHo, onepaTop
,.

A He SBNAETCS HENPEPLIBHBLIM.
DocTatouHocTe. MycTb A — orpaHuyeH, To ecTb |Ax | <M|x,|. Ecim x, —>x,

unm ||x, —x|| =0 npu n - o0, To U3 HepaBeHcTea |Ax, — Ax| <M]x, — x| cneayet
AX, —> Ax, 3HaU1T A — HENpepbIBEH.
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BBemém mouaTue paccmoanua mesncdy mHoHcecmeami:

def .
d=p(Er, Ey) = nf p(z,y) = |z —yl.
yeE;

d>0=>|E1UEs|* = |E1]* + | Eof*

JokazareabcTBo. 13 onpeenenus Mepbl KAK TOYHOI HUZKHEH rpanu
CJIeTyeT, ITO

(oo} . €
Ve>0 3s(E)={A.}: ;|An| <|El"+3

Pa3o6bém kazxpiii naTEpBaT NOKpHITHS S(E) HA MATEPBABI JJIHHBI,

d

MEHbIIEH —, & KOHIBI ITHX HOBBIX HHTEPBATOB ("TOUKH CONPUKOCHO-
BeHus"), B CBOIO OYEPe/Ib, MOKPOEM HHTEPBaIaMu, 00MIas CyMMa JJInH

€
KOTOPBIX MEHBIIEe 7 Taxuwm obpazom,

~ 0 ~ d
Ve>0 J5(E)={A.}: D _IAW<|E["+e |A4< 5 n
n=1
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Onpepgenenue 4. HaumeHbwias u3 nocmosiHHbIx M, ydosnemeopsiroujux
yenosuio ||Ax| < M|| 0ns nuHeliHoz0 ozparuyeHHoz0 onepamopa A Ha3bieaemcsi

HopMoli onepamopa A u 0603na4aemes |A|. Apyeumu crosamu ||A| = Sup




image2.png
COBOKYNHOCTb BCEX NIMHENHbIX OrPaHMYEHHbIX ONEPaTopoB, OTOOPaXKatoLLMX
NWHERHOe HOPMUPOBAHHOE NPOCTPAHCTBO X B IMHENHOE HOPMUPOBAHHOE
npoCTpaHcTBo Y, 06pasyeT nuHernHoe npocTpaHcTso L(X —Y). Ecnm Au B —

NUHeNHbIE OrPaHNYEHHBIE ONEpPaTOopbl, TO PaBEHCTBO (A +B)x = Ax +Bx onpeaenser
CyMMy OneparTopos, a ()A)x =LAAX - YMHOX€EHuWe onepaTopa Ha 4ucno. Hynem atoro
npocTpaHcTea sasnsetca oneparop 0x=0 gns noboro xe X. B L(X aY) MO>XHO BBECTU
" wopmy [A] =Supla]:

1) ecnm |A| =0, To [|Ax| =0 ans no6oro xe X, To ectb A=0;

2) [p-A] = Supfpad] =P Al

3 |A-+B Sl B < Sulasf« Sunf] -1 + o

Takum 06pa3om L(X — Y) — NuHEHOe HOPMUPOBAHHOE MPOCTPAHCTBO.




image63.png
EcCnu nuHenHbI OrpaHnyeHHbIN onepaTop AeNCTBYET U3 NIMHENRHOTO
HOPMWUPOBAHHOIO MPOCTPAHCTBA X HA YMCMOBYIO NPSAAMYIO R, TO Takoli oneparop
Ha3bIBAETCA JIUHEUHbIM hYHKUUOHAIOM ['(X) . COBOKYMHOCTb BCEX JIMHEMHbIX
(PYHKLUMOHANOB, AENCTBYIOLLUMX U3 X HA3bIBAETCA COMPSKEHHbIM TPOCMPaHcmeom K X n
o6osHayaetcsi X" =L(X —R,). Hopma nMHEHOro (hyHKLMOHaNa BbIMUCISIETCS MO

opuyre ] ~Supl (0.

Teopema 3. Ecnu X — nuxHeliHoe HOpMUposaHHOE rnpocmpaHcmeo, a Y —
b6aHaxo80 nNPocmMpaHcmMeo (MosIHOe NUHeHOe HOPMUPO8aHHOE MPOCMPaHCcMeo), Mo
npocmpaHcmeo L(X —Y) markoxe 6ydem nomHbIM, Mo ecimb 6aHax08bIM.

DoxkasaTenncTeo. MycTb N0CAea0BaTeNLHOCTb ONEpaTopos {A, }
dyHnamenTansbHa B LX-Y), A x—A, x| <|A, - A,

x| >0.n.m—o0,

cnefoBaTensHo, |||A\ -A \||| —0,n,m—>c0, T.e. AN KAXA0r0 (UKCUPOBAHHOIO

aneMeHTa X U3 NPOCTpaHcTBa X NocneaoBaTensHocTb {A x} dyHaameHTanbHas. B
CUny NOMHOTbI NPOCTPaHCTBA Y 3Ta NOCNeA0BaTeNbHOCTb CXOAUTCS K HEKOTOPOMY
anemeHTy y u3 Y. Utak, y = kaxaomy anemMeHTy X U3 npocTpaHcTBa X NocTaBneH B
COOTBETCTBUE 3NEMEHT y=lim A x , TO €CTb, OnpeaeneH onepatop y=A x . 310T

n-w

onepaTop NIMHEEH, MOKAXKEM €ro OrpaHNYEHHOCTb. Tak Kak Nocnef0BaTensHOCTb
onepatopos {A,} dpyHaamenTansHa B L(X —Y), T0 1 yncrosasi nocneaoBaTensHOCTb

{|A. |} dbynnamenTansHas, To ectb orpaHnuenHas: |A,| <M Ans Bcex HOMEpOB .
Orciona |A, x| <M]x| u |Ax]| =1lim

n—>w!

oneparopa A. Jlokaskem popmyay A =lim A B cMbicie |||A -A, ||| —0,n—> 0.
oo

A,x| <M]x]|, 4To 1 03HaYaET OrpaHNYEHHOCTL

JleficTBHTEIBHO, A1 MoGoro & >0 cywectByeT N =N(e) Takoi, 4To npu Bcex n >N u
nioBoM HaTypanbHOM p Ans Beex Xe X, x| <1, BLINONHAEGTCS HePaBEHCTBO

A
n>Nwu no6oro xeX, |

X— A"x" <&, nepexoAs npeaene npu p — oo, nonyuum |Ax—A x| <e ans nogoro

n+p*

n-»o

x| <1.Ho Toraa |A, — A =Sup|(A, -A)x|<e, To ecTb A=limA,
Ix|<t

B CMbICNE CXOAUMOCTHU NO HopMe npocTpaHcTea L(X—Y). Teopema fokasaHa.

CneactBue. [IpocmpaHcmeo X°, CONPsKEHHOE K nuHe liHOMY HOPMUPO8aHHOMY
npocmpaHcmsy X - 6aHaxoe0, mak Kak R, - 6aHaxoeo0 rnpocmpaHcmeo.




image99.png
5.36. Ilycrs f(z):C[0,%] — C[0, 5],

(*) f(z)(t) = /\/ozr sin(t + y)z(y)dy + cost.

IIpn xaxmx A\ oroGpaxenme f Gyner _M? IIpn xakmx A oro-
Gpaxxenme f Gyner mMeTh HENMOABMKHYIO TOouky? HaliTm HenmoaBmxHyIO
TOUYKY mpu \ = 2.

Pemenne. Ucnonssyem 3anaay 5.32. B ee o6o3nauennsx

3
M = max sin(t + y)dy = V2,
e YA (t+y)dy

nosromy mpu |A| < 715 orobpaxenne f susercs cxmMaloumM. [IpH OCTATLHBIX

A mas @y (t) = 1, z2(t) = 0, momyumm p(z1(t), 22(t)) = 1, p(f(21)(2), f(22)(t)) =
|A|v/2 > 1, noaromy oToGpaxenne f He ABIAETCS M.
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1. Teopema Banaxa-Illreitnraysa u cuejcrsue u3 nee. [Ipumep npu-
MeHeHHUs: TeopeMbl B Teopun psjioB yphbe.

2. dasiercs mu komnakrHbIM oniepatop A € L(C[0,1] — C0,1]), Az(t) =
t2(1 — t)x(t)?
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Teopema 4 (Teopema Banaxa-lUTeHray3a — npMHUMN paBHOMEPHOMN
orpaHuyeHHocTh). [lycms X u Y — 6aHaxoebl npocmpaHemea. Ecnu A, e L(X —Y) u

rocriedosamesnsHOCMs ||4,x]| 0zpaHuyeHa 0n1s 06020 anemeHma X u3 npPocMpaHcmea

rocriedoeamesibHoOCMb ﬂ|A,||} oOz2paHuyeHa.

LokasaTtenbcTBO. [peanonoxuM, 4To NOCNeaoBaTensHOCTL ﬂ|An||}
HEOrpaHNYEHHa, TOrAa MHOXECTBO §|Anx||} HE OrPaHUYeHO Ha MBOM 3aMKHYTOM Luape
B(x,.8), x,€X,e>0. B camom aene, ecnin Gbl HepaBeHCTBO ||A, x| < CBbINORHsNOCH

AnNsi BCEX HOMEPOB 7 1 BCeX X € B(x,,&), T0, B3siB, NGO anemMeHT &e X,&#0, Mbl

— A E+A X,

NONy4YMM 3NEMEHT X = g+\0 € B(x,.¢). Ana atoro anemenTa ||A x| < C, unu

A& - ||A"\[,||_ =|A,x| < C, cneposatensHo,

A<

CHAuly ﬁﬁ"é" ’
o €

Ecnm Tenepb B, (x,,,) - MoBOi 3aMKHYTbI Lap, To Ha HeM MHoxecTBo {|A, x|}
HeOrpaHuyeHHo. Toraa CyLLECTBYIOT HOMEP n, U ANEMEHT x, € B, Takue, UTo
|A, x| >1. B cuny venpepbisrocT onepatopa A, HepasencTso A, x| >1
BLINOMHSIETCA U B HEKOTOpoM wwape B,(x,.c, )= B, B,,. Ha B, mHoxectBo {|A x|} Takxe

HEOrPaHNYEHHO 1 CyLLECTBYIOT HOMEP 7, M ANEMEHT x, € B, Takue, 4to |

L[| >2nno

HENPEepLIBHOCTI OnepaTopa A, 3TO HEPABEHCTBO BbINOMHEHO B HEKOTOPOM 3aMKHYTOM
wape B,(x,,e,)c B, 1 Tak aanee. MoxHo cuutath, 4To n, <n, <n,.. n g, - 0. Toraa

10 TEOPEME O BIIOXKEHHBIX LUapax u3 §6 CyLUeCTBYeT eANHCTBEHHAs Touka x € B, (x,, &,
ANs BCEX HOMEPOB 7. B 3Toi Touke [|A

Teopema gokasaHa.
Cneacteue. [Tlycmb X u Y — 6aHaxoebl npocmpaHcmea, A, € I,( X >7Y),

cywecmeyem nocniedosamesibHocmb {x,} makas, 4mo |x,| <1 u lim|A, x
pares

J

>k, YTO NPOTMBOPEYUT YCINOBUIO TEOPEMbI.

n,

| =cc. Tozda

0 X

cywecmeyem x,

Jxo| €1 u Tim|A x| =0
pare
MycTb 370 He Tak, To ecTb Ans Beex x e X, 4| < 1nocnesosatensHocts {4}

[A.g ..QI

nocneaosatenbHocTs A, x|} orpanudenta ans no6oro & e X' 1 no Teopeme 4

orpaHnyena. Ecnm £ =0, 10 x == umeet Hopmy x| =1 u |A x| = . 3HaunT,
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NPOTUBOPEUMT CTPEMNEHNIO NOCTEA0BaTENbHOCTH {A x|} K oo.

MpuBeaem npumep npuMeHeHns Teopembl 4 B Teopun psigos dypoe. Mbl
[OKaXKeM CyLLECTBOBaHWE HENPEPBLIBHON NEPUOANYECKON (DYHKLMM, ANS KOTOPON psaj
®ypbe pacxoanTbCa.

Mycts f(x)e C[-ma], f(-n)=f(x), f(x)~ 212 +i (a,cos(kx) +b,sin(kx)),

a, == [ fcos(kdt, b, =~ [ fOsinkidt
T T n =
Mpeobpasyem yacTuyHyto cymmy psina dypbe

S, (f,%) = 2°+Z a,cos(kx) +b,sin(kx)) _—[f(t)dt+z j f(t)cosk(t — x)dt =

k=]

x sm[ ](t— )
. = f(t)—zdt
T Zsm—
2

Monoxum x=0 n g(t) =%—%; g(t) HenpepbiBHas Ha [-7,z] dyHKums, ecnn ee
2tg
2

aoonpeaennutb Hynem B TOYKE.

sin[n + ljt sin(nl)cos(lj + cos(m)sin[ij .
2 _ 2 2 _ sin(nt) + cos(nt) _

2sin ! 2sin . ngt 2

2 2 2
sm(m) cos(nt)
t 2

+ g(t)sin(nt) +
Takum o6pasom, S, (£.0)= jf(l)sm(m)dHO(l) O() >0 npn n— . PaccmoTpum

oneparop A, f = l_[f(t)wdt - NWHeliHbI onepaTtop ua npocTpaxcTea f(x) e C[-m, 7,
e

f(—m) = f(n( B NPOCTPAHCTBE R, , CTABSLUMIA C TOMHOCTbIO A0 O(1) B COOTBETCTBUE f'(x)
ee 4acTuuHylo CyMmy psiga dypbe B Touke x =0. MycTb f,(6) =sgns-sin(at) , |/, @), =1,

1 fsin’(nt), 2 Fsin’(nt). 1 Fsin’y fsin’y 177dt 17 cos2y
Af = = - L
g [t 2 L[ e - L[5 - L[ L[

= lln(7m( +0O(1) Tak kak uHTerpan J'Mdy cxoAuTCA no npusHaky Aupuxne-Abens.
n Ty

Urak, |4,/,| = cnpn n — o0 1 cOrnacHo cneacTauio k Teopeme 4 cylecTayeT
£, € ([~ 7], f,(~m) =f, (7 ANA KOTOPOII pAA PypbLE PACXOAUTCS B TOUKE 7 =0.
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1. Obpatuoiit oneparop. JlocTaTodHble YCJOBUS CYIIECTBOBAHISI 00-
paTHoro omepaTopa. PopmyaupoBKa TeopeMbl Banaxa 06 obpaTHOM OTIe-
paTope.

2. Haiiru nopmy u cnekrp oneparopa A € L(ly — 1), A(x1, x2, 23, ...) =
(131, .1'2/2, l‘3/3, ceey xn/n, )




image19.png
BecbMa BaxHbIM SBNSIETCA NOHATME 06paTHOro oneparopa.
JInHenHbIM onepaTop C HasblBaeTCsA neBbIM 0OpaTHLIM ANA IMHENHOrO
onepatopa A, ecrim CA=l, rge |-ToXxaeCTBeHHbIM onepaTop. TOYHO Takke
NMHEVHbIM onepaTtop B HasbiBaeTcs NpaBbiM 06paTHbLIM A4S IMHENHOMO
onepartopa A, ecnu AB=I. Ecnn nesbii 06paTHbIN onepaTop paBeH
npasomy obpaTHomy, T.e. B=C, TO roBopsiT, 4TO onepaTtop A nmeet
obBpaTHbIN onepaTop, KoTopkI 06o3HavatoT A™'. Takum obpasom, ecnn A
cyLyecTByeT, To no onpegeneHuio A 'A= AA'=|.

C noHsiTem oBpaTHOro oneparopa CBA3aHbl BONPOCH! O
CyLLIeCTBOBaHUM U €ANHCTBEHHOCTY PELLEHUS ONEePaTOPHLIX YPaBHEHWI
BMaa

Ax=y M
rAe Y- U3BECTHBIV 3MEMEHT NpoCcTpaHCcTBa E, a X- MCKOMBIA 311eMEHT Toro
Xe npocTpaHcTea. Tak kak ypaBHeHusMu Buaa (1) aenstorca
anrebpanyeckue CUCTEMBI, NNHENHbIE AuddepeHLmanbHble, NMHENHbIe
WHTErpanbHble YpaBHEHUS, TO O4YEBUAHO, YTO HAXOXAEHWe onepartopa,
obpaTHoro AgaHHoMy oriepatopy A, SBMAETCH BECbMa BaXHbIM.

WTak, paccMoTpum ypaBHeHune(1) 1 npeanonoxum, 4to onepartop A
mmeeT obpaTHbIn onepatop A ', MNonoxum

x=A"y.
[MoacTaBnsas 3To 3HaYeHue B (1), NoNyYnm TOXAECTBO
AAy=y,
T.e. y=y. CnepoBartensHo
Xx=A"'y

€CTb peLleHune ypasHeHus (1).

[onyctum, YTo CyLLeCTBYET X 1 - APYroe pelueHue ypasHeHus (1):
A x 1=y. [encrtsys Ha 06e YacTu 3TOro paBeHCTBa ornepaTopoMm A,
nonyyim x, = A'y. CnegosaTenbHO, pelleHne X = A™'y e4MHCTBEHHO.
Ecnu onepatop A nmeet npasbiin 06paTHbIn onepaTtop C, TO kak nerko
y6eautbca x=Cy ecTb peLueHve ypaBHeHus (1), oaHako BOMpoC O
€AVHCTBEHHOCTM OCTaeTCH OTKPbITLIM. [1onyCcTu, 4To onepaTtop A nmeeT
nesbIi o6paTHbI B. Toraa, ecnv ypaBHeHue (1) UMeeT peLueHmne X 1, T.e.
A X 1=y, TO NPUMEHSIA crnesa K 06enm YacTaM 3Toro paBeHCTBa oneparop
B, Haxoaum, 4To X4 = By, T.€. 4YTO peLueHre eauHcTBeHHO. OfHako BOnNpoc
0 CyLLEeCTBOBaHUN PELLEHNSI OCTAETCH OTKPbITHIM.
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MycTb onepatop A AENCTBYET U3 MHOXECTBA X Ha MHOXeCTBO Y,
R(A)cY - 0BnacTtb 3HayeHui onepatopa A. Ecnv ansi nto6oro anemeHTa
yeR(A) ypaBHeHVe AX =y UMEEeT eMHCTBEHHOE PELLEHNE, TO FOBOPST, YTO
onepatop A nmeeT obpaTHbIi onepatop A, To ectb X = A™'y. O4yeBnaHo,
ytox=A"'Axuny=AA"y, unmonepatopbl | = A'A ly=AA" -
TOXAECTBEHHble onepaTopbl B X 1 Y. ECrv A — nuHenHbI onepaTop, To U
A" - nuHenHbIA onepatop. MycTb
X=A"(oY, +a,¥,)- oAy, -0, ATy, TOrAA
AX=AA (oY, + 0,Y,) - o AATY - G AATY, S gy oY, - g, Y, =
0, n noatomy x = A'(Ax) = 0.

Teopema 1. [ycTb A — NMHENHBIN OnepaTop, ASVUCTBYOLMIA U3
JIMHENHOrO HOPMMPOBAHHOIO NMPOCTPaHCTBa X B NMNHEVHOe
HOPMMPOBAHHOE NPOCTPAHCTBO Y, MPUYEM CyLLECTBYET NOCToOsHHAs m>0
Takas, 4to ||Ax||=m||x|| Ans BCcex x u3 X.

Torpa cyuwjectByeT A ™' - NMIMHENHbBIN OrPaHWYEHHbIV onepaTop.

[oka3saTtenbcTBO. pexae BCero Jokaxem, 4YTo ypaBHeHne AX =y,
yeR(A), umeeT efuHCTBEHHOE pelleHue. MNpeanonoxum, ux aea: X, n x,:
Ax, =y, Ax, =y, Toraa A(x, - x,) =0um|lx, - x,|| < [[A(X, -x,)||=0.
3HauuT, X, = X, U cyljecTByeT A" - NIMHENHbIN onepaTtop. JTOT onepaTtop
orpaHuyeH, néo

1 1 _ 1
IA7YIF < —[IAATYI[ = —]lyll Ans Beex y Y.

Teopema 2 (Teopema Heitmana). NycTb A — nMHENHbIA
orpaHUYeHHbI onepaTop, oTobpaxatoLmin GaHaxoBO NPOCTPAHCTBO X Ha
cebsaun ||A]| < q < 1. Toraa onepatop |-A umeeT o6paTHbIA NUHERHBLIN
orpaHuyeHHbI onepatop (I-A) .

[okasaTtenbcTBO. Onpeenym cTeneHn oneparopa A:
A =AAY), k=1,23,..., A" = | — TOXAECTBEHHbIN onepaTop. ACHO, YTo
IAY]] < [IA]l* < q*. Danee iuA‘ I < iq‘ = IL npocTpaHcTBo L(X—X)
-

e =
— 6aHaxoBo, 3Ha4MT Cymma y A" npepcrasnseT coboM NMHEeRHbIN

=]
orpaHuYeHHbI onepaTop. Ansa noboro HaTypanbHoro Yucna N UMerT
MEeCTO COOTHOLLEHUSA
(FA)Y A" = Y d-A)A" = Y (A =AY =1-A"" npuiem | - A™ 51 npun—«,

k=0 k=0 k=0

néo




